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ABSTRACT 

Focusing primarily on student cognitive processes, 
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summary on mathematics teaching and learniiiig. Areas of investigation 
include: (1) learning styles and strategies; (2) processes and 
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tasks; (3) use of a microcomputer as an educational tool and research 
instrument; (4) position of applications in junior secondary school 
mathematics teaching; (5) development of geometric thinking; and (6) 
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contributing authors are also included. (ML) 
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PREFACE 



The Finnish Association of tethematics arid Science Education 
Research published its first yeaui'bodk (Tearbook 1983) last y^ir. 
The priBserit volume, which covers research published in 1984, 
centers around papers presented by Finnish researehers at the 
Fifth International Congress cxi Mathematical Education (ICME 5) 
held in Adelaide, Australia, on August 24th - 30th; 1984. Al- 
though the articles have no connion theme, most of thera share an 
interest in students' cogpiitive processe**. as well as prbblera 
solving arid application. 

In the first article Leino puts forth the principles and general 
outlines of a project dci learning styles and strategies^ which 
he is directing. In the author's opinion to know and to under- 
stand the lisarner better is what the Finnish educational system 
needs raost. The purpose of the project is to improve the possi- 
bilities of attaching more attention to the student's personali- 
ty as a basis of instruction. Leino stresses that bringing 
teachers' and students' style profiles into the focus of educa- 
tional research does not necessarily help teaching practice 
immediately. In order to be able to make use of the style the 
teacher has to know the theoretical basis of the styles and how 
they manifest themselves in the teaching-learning process. 

FCeranto's extensive article examines, from both a theoretical 
arid an experimental viewpoint, the problsns of the third stage 
of the author's longitudinal study begun in 1982 and discusses 
the following questions: a) What kind of solution strategies do 
children use in inultiplicatibri and division tasks whose mathsna- 
tioal stru'^ture corresponds to that of the types q.d = x, q.x = 
a and x^d = a, b) How are Piagetistn abilities connected with 
the multiplicaticJh and division tasks mentioned above? ^ c) What 
role does the individual's raaubry capacity play in measurement 
arid partitive division?, d) How arid at what stage do pupils 
acquire the ideas of fractions and ratios involved in the con- 
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cept of rational nun£er and how does this connect with the 
contents investigated in the ^rlier stages of the study?, e) 
What kind of learning and teaching situations anbhasize the 
interpretation and use of rational number as fractions arid 
ratios? and f) How does the concept of rational nuntiber develop 
and what stsiges and associated solution strategies are involved 
in the process? 

In the thiz?d article BjSrkqvist describes research of a kind 
which, as yet, has been rather limited in Finland. In this first 
atten?5t anphasis was put on developing the necessary routines 
for the simultaneous use of the microGoraputer as an educational 
tool and a researcsh ihistrument. The main reason wis to develop a 
methodology for problem solving research in general^ with an 
emphasis on school nathenatics in as r^ilistic situations as 
possible. Another set of goals were those connected with conput- 
er educatich - to know bow to teach students how to use comput- 
ers efficiently you need to know details about the way they 
think vSiiie they work with computers. 

In the Tourth article Kupai^i esramihes the position of applica- 
tions in junior secondary school mathematics teaching. The au- 
thor deliberates upon the problems of the present situation by 
concentrating on three questions: ^^t role do applications play 
in subject matter? How are applications taught? and Of what 
significance is it to this jxipil whissther the applications are 
interesting or not? Then the author presents some anpirical 
observations about the teaching of applications and learning 
results and sets forth some general outlines for improving the 
teaching of applications. 

In the last article Siifverberg presents a research project in 
which an atteiirbt wa3 made to describe the development of pupils' 
geometrical thinking mainly at the three levels of the van Hiele 
theory. The main purpose of the study vraa to answer the follow- 
ing questions: First, can we perceive in the pupil's thinking a 
transition from a holistic way of perception to one analyzing 
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and Classifying properties and at what stage does such a trarisi- 
tictfi take place? Secondly , in as as a pUpil recognizes, 
names, classifiiss and doinpares figures analytically, are these 
properties separate or connected with eadi other? 

The yearbook aids with a sunnary of a doctoral thesis by Vdrna- 
rien, approvied in The thesis describes the development of 

a concept cf ntinber in first-gradera by using a developmental 
psychology approach. 

Pekka Kupaf i 

The Institute for Educational Research 
University of JyvSskylS 
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coG^^ET3:vE styles and strategies 

Jarkko Leino 

] ! 

J 
/ 

RESEARCH PLANS 

The purpose of education in school is to influence the personsd 
development of the educahd. The tochers at school and parents 
at hone try to undisrstand the child's thinking and acting, as 
well as guide then by means of encouragement, advice, and 
argument in the diredtioh educationally valued by thaa. This 
fuidihg process often happens uhcbhscidUsiy and only iri close 
connection with the actial situation like e.g. by tu3ans of 
renarks of unsirftabie behavior etci TS'ough interaction with the 
itnnediate environment tha child gradually adopts social rules 
and principles beliind them, while the amount of his knowledge 
and experience keeps increasing and being structured. He learns 
proper ways of orientation to things, stnii^s, people, 
situations etc. He adopts and develops the ways and their 
criteria which guide and control his thinking and acting- 

Psycholo^r has developed systans for describing personality and 
its cbmpohehts by means of which hunari behavior can be described 
and explained. These systems are important for educators because 
they nake edu^tors understand the educand, structure his ways 
of thinking and acting, find out difficulties in certain situa- 
tions or tasks and reasons for those difficulties . Man 's 
species-specific characteristics arid ways of action serve as a 
foundation for descriptive synteras. Individuals differ frca ea^h 
other in term of each characteristic within certain limits. 
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There are naturally very different types of charaGteristics, 
Some physical ones can be directly seen and even measured 
(hi^t, age, slimness etc.) but intellectual characteristics can 
most clearly be seen only in actions (ihtelligehce^ impulsive^ 
ness, honesty etc.). Consequently describing nany chairacter- 
istics is at the same time describing anticipated, typical or 
potential activities (e.g. structure of abilities). 

Human activities and performances have long been investi^ted in 
terms of the qualitative features as r«ll as structure. In order 
to describe performances comprehensively^ batteries of tasks 
have been developed vrtiich contain situations simulating human 
activities often in a comparatively simplified form- Attempts 
have been nade to describe the so-called intelligent activities, 
verbal and problsn solving activities in particular, as an 
important action characteristic of only the human being but, of 
coursie, other forms have also been investigated. 



Action is characterized by similarities and differences. Duff^ing 
the process of scientific development experimental psychology 
and differential psychology have become more differentiated from 
each other in spite of the same purpose of describing the reg- 
ularities of psychological processes. Experimental psychology 
has concentrated on the effects of different experimental condi- 
tions in processes and to a great extent omitted individual 
differences including th«n in error tenn. Indivi'iual differ- 
ences, on the other hand, form the starting point and explan- 
atory basis for differential psychoio^. The differing starting- 
points of these two branches have understandably lead to dif- 
ferent methodological sdlutibhs. Among the representatives of 
the two branches there have been those t*io have consciously 
tried to narrow the gap thus created. Sorre differential psychb- 
logists have tried to interpret traits considered as static to 
be dynamic and sonfe representatives of experimental psychology 
have, in turn, tried to taRe individual differences into ac- 
count in their formulations of theory. Inspite of that, fixed 
ideas often come to be seen consciously or unconsciously. Atten- 
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ticn has been given to the fact even in Finland- For instance 
Wt^i^t (1984) considers the description of action strictly dif- 
fesrent from the description of traits based on individual dif- 
ferences arid has resisr^tions concerning the possibilities for 
combining these two descriptiw systems within the same research 
(teino & teino 1982). 

It is the writer's opinion that cognitive psychology serves a 
possibility for coSDining the approaches mentioned above- Thus 
the starting-point would consist^ on ante hahd^ of conception of 
man as an iriformatiOT processor with all the different stages of 
the process as well as monitoring and controlling strategies, 
encoding and decoding processes and, on the other hand, the 
system theoretic3al description of the individual persbhality- 
An excellent description of t1iis approach is giveri by Royce and 
Powell (1983). A corresponding approach is also represaited by 
the studies in which an attempt is made to investigate the 
traditional abilities by interpreting abilities as dynamic 
conceptions e.g. how a particular combination of abilities* is 
seen at the ^evei of action (see e.g. Leino 1981). We have the 
same question when coi^itive styles and strategies ar^ studied 
by asking vSiat it means from the view point of the use of 
strategies that a person has a particular cognitive profile: 
(combination of cognitive styles^ - 

Frctn the point of view of educational science the results of 
both experimental psychology and differential psychology create 
only conditions for investiin^ting pupils' personal Interactions 
in educational practice. In order to be able to guide the stu- 
dying strategies of pupils who are very much different in terms 
of their styles the teacher needs plenty of information about 
styles and *their manifestations, sensitivity to ^read" the 
pupil, and skill to comparatively spontaneously apply this in- 
formation in different teaching situations. This skill presup- 
poses such a degree of inter*ralization that he does not have to 
rstnain reflecting upon the activity; the teacher generally has 
to act spontaneously according to the demands of the situation. 
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There are no possibilities for reflecting upon consequences of 
difrerent alternatives in the teaching situation. In a certain 
sense the question of how to guide a visrbally gifted child and 
hw to guide ah impulsive child are analogical. Both styles and 
abilities are manifested in action and form a reality for per- 
sonalizing instruction. 

STYLES AND STRATEGIES 

Win is an active, a purposeful, and preorientating creature, and 
not only responding to stirmihi. Life with ail its aspects has 
personal meaning to man which csahhot be explained only by means 
of theories of conditioning. Even though nany things during 
one's life span seem to take place randomly, purposefulness 
comes to be seen in the use nade of situations. FriSidship 
relations, career, and interests show conscious choice and goai- 
seeklng behavior. Risks and strain are connected with nahy goals 
but man is ready to face them and even consciously takes risks. 

In cognitive science mn's interaction with his environment is 
considered as inforaaticsi processing. The flow of ihTornatioh in 
man's cognitive system can be described by* means of different 
stages and speak about different functional units like sensory 
register, short-term mCTbry, working manbry, and long-terra raeno- 
ry. From the point of view of learning the most important are 
awareness of information, monitoring, and control by means of 
which man selects, compares ^ manipulates, transforms, encodes, 
and decodes infornatioh in the raembry. It is these mechanisms ^ 
monitoring and controlling processing, which essentially influ- 
ence how things are learnt and how they can be used. Strategies 
and styles are connected with these questions of how. 

To monitor and control mechanisms of the infornatidh of a 
certain situation are usually called strategies or cognitive 
styles according to how closely connected they are with the type 
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of situation and the task. Bnmer, Gbbdhow and Austin (1956) 
used the tern stratei^ to describe the ways which the subjects 
used while looking for rules for categorizing the figure cards 
given to them. Later on the term has been particularly used by 
representatives of experimental psychology to denote ways of 
acting and thinking uMch are used in certain types of situa- 
tions or tasks. In studies of school learning it has been used 
e.g. of the mys of retaining writtSi texts (V&?ight et al. 1979) 
or the wa^ of solving certain types of elementary equations 
(Keranto 1984). Based oh the preferences for different strate- 
gies the subjects have been categorizeKl as e.g. hoilsts or 
serialists, which is an approach typical of differential psychb- 
lo^. if the connection with the type of the task has simulta- 
neously been given up, which is easily revved by the language 
of the report, the transfer has already been made to the field 
of cognitive styles. 

Cognitive style can be defined as a person's individtal vraiy of 
monitoring and controlling information processing. Styles are 
comparatively stable acquired habits of directing attehtibh, 
abilities^ and strategies in different tasks. Even tliouj^ styles 
are comprehensive, several style dimensions are needed to cover 
e.g. \mys of processing typical tasks in school. To change 
the styles generally presupposes long-lasting and systematic 
guidance. 

Figure 1 cieatrly shows the position of styles in the 
comprehensive description of personality (Royce % Powell 1983, 
13). 
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FIGURE 1. The Basic Systems and interactive Relationship of 
Integrative PersonsLLity 

As can be seen in the figure personality is considered as a 
supmsystera which consists of two lower-level systems, namely 
the systOTS of styles and values. Lower in the hierarchical 
description are the cognitive and affective systems which 
monitor the sensor motor syston of senses and muscles. The 
higher the hierarchical level the more in^rtant the units are 
in the integration of personality, the stabler they are, and the 
greater priority they have in tenns of action. The cognitive 
System contains the system of abilities as dynamic concepts 
which is to be understood as a factor description of potential 
skills (see also Gustafsson 1984). The affective systOT of the 
corresponding level can be considered as a factor description of 
emotions. The monitoring system of styles and !^ues direct 
objectives of action of the lower systems so that styles are in 



charge of how processing goes dri and values what goes on; 

Cognitive styles have been investi^ted for decades in very 
mai^ contexts and attaints have been made to extract way^ of 
processes characteristic of individtal in terns of vrtiich indivi- 
duals are different from each other. The i^stCT of description 
of styles ^ch has been used in our project is based bri 
Letteri 's research (1980) . The system consists of seven 
dimaisions which were originally discovered when an attempt was 
made to comprehensively explain the school achievonents in aca- 
demic subjects. The coitrsil stage descripitions necessary in 
information processing can be discovered even by means of logi- 
cal analysis in the different dimensions of the sj^tem. 

1 . Focusing ^ Nohfoc usingj the dimension is concerned wit^ the 
way of selecting relevant details from the information offered 
by environment. 

2. Field-Independent - Field-Dependehfe < Aialytic ^^caobalH t^e 
way of analyzing the field or perception arid discdvering • the 
heeded information in the complex sitmtion. 

3. Reflective - l^olsive; the dimension is concerned with how 
fast a person is in his decisioh-makihg process. 

4. Tolerant - Intol e rant; the dimehsidh deals with the degree of 
a person's tolerance of ambiguous or unfamiliar information. 

5. Leveling - Sharpentrug; the way of giving attention to item 
which seem f&miliar in the situation versus different compared 
with earlier it^ns. 

6. Broad- versus ^fe^TOW Categorizing; the extent to which an 
individual uses many narrow versus few comprehensive categories 
in processing information. 

7. ^o^Mve-Gorolexityf the my of eM^liating and dealing with 
the environment by means of either a complex or a relatively 
simple conceptual system. 

The first two dimensions are connected with different wa^ of 
perceiving arid they are to be seen in the perception strategies 
an individual deals witti varying tasks while the two last men- 
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tibned dimoisibns describe constructing the conceptual system 
and its use in evaluating the infbmation offered by the envi- 
rbnmOTt. The fifth dimensiOT connects the perceiving and the 
conceptual system with one another and also as ah influence on 
the development of cognitive constructs. The third arid the 
fourth dimension describe how a person begins to perform a task 
or how he rejects it {the defeaice mechanism of self). 

The numbiar of style diinensioris is altogether cbmp>aratively small 
vrtiich is quite rsturai in the beginning of the project. If the 
system proves inadequate it has to be con^lemented naturally. 
The relations between dlmerisioris have hot been analsrzed more 
closely even thdugji the cdrrelatibris between the measures used 
have been low. So far the dimensions have been considered paral- 
lel evQi though e.g. Royce and Powell (1984, 135) consider 
Field-Iridepehderice - Field-Dependence more general than the 
other style dimensions mentioned above. 

STlttis AND TEACHING 

Relationships between cognitive st^es and teaching and learning 
have not been nuch investigated. Styles are related to teaching 
methods preferriad by teachers in such a way e.g. that Field- 
Dependent teachers prefer discussion method to lecturing which 
is teacher-centered (Messick et al.)(1975). Styles are also 
related to the subject that teacher represents (Rahcourt & 
Dionne 1981'^. Styles explain as well subjects which students 
prefer. By investigating style profiles of students preferring 
eacsh subject and by comparing them with the profiles of teachers 
of each subject a clear correspondence can be noticed at the 
senior secondary sohool level. It is to be seen that styles are 
connected with career preferences. The student whose style- 
profile resembles that of the teacher appreciates this kind of 
teacher more than the one with a different profile because it 
nakes cotiinunication easier (Witkin et al. 1977). On the other 
hand the teacher can develop his repertoire so that he can 



bettei? respond to the expectations of students of differing 
styles (tinsman 1981). 



The rea&rch results which we have received in our project show 
that styles are cormected with teaching methods the students 
prefer and learning difficulties they have (Lapatto 1984). Iri 
studying cdathematics Field-Independent students -m solve prob- 
lians better than Field-Dependent students vSo have difficulties 
in finding relevant infbnnatioh in a task^ particularly if it 
contains surplus information. Reflective students liRe teacher- 
centered instruction better. I^ulsive students, an the other 
hand, get ^ily tired of sirniia]? tasks and working so the 
tendency to make mistakes increases. These results correspond to 
those received in other countries where the relationship between 
Field-Dependency and problem solving, surplus information and 
teaching methods have, in particular^ been investigated (Numnen- 
dai & CoUea 1981^ Roberge S Flexer 1983* Strawitz 1984). 



The results we have received of the relationship between 
learning difficulties and styles compare well with those 
received by Letteri (Aimo 5 Viilo 1983, Letteri 1982). According 
to them if a pupil can be characterized b»y at least three of the 
following traits , namely Monf ocusing - Field-Dependent 
Inapuisive - Intolerant - Leveling - Broad Categorizing - 
Coghitively Simple* he tes difficulties in school work. 

Styles do not seem to change imich during the school years if 
there is no systematic guidance to change them. Letteri 's 
results (1982) compare well in this respect also with Finnish 
replication research (Viilo, in progress). 

A study is in progress cbhcernihg the relationship between the 
styles and the strategies used in mathematical tasks and topics 
as well as attitudes towards mathematics. According to the 
theory styles should becane manifest in the ^oice of strate- 
gies. In the remedy of learning difficulties the style profile 
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is considered bnly as an indicator of inadequacies and i^/eak- 
nasses in processing. Argumentation has naturally to begin at 
the level of strategies but according to the basic idea the new 
strategies are gradually made more generalizable and their use- 
fulness is really shown by means of their transferability 
through a variety of tasks. 

The styles emphasize the student's characteristic ways of pro- 
cessing wliich makes our project different from psychological 
studies. !&iowing the student's styles is a key to understand- 
ing him. Cognitively oriented psychological research on strate- 
gies can have a theoretically firm basis but educationally it 
nanains quite superficial with few consequences of practical 
importance. The style syaton is very central fbr understanding 
the student's personality and gives a co^rehensive basis for 
guiding the educational progress with the student as a start'ing- 
point. To know and to understand the learner better is what our 
educational system needs most, ^e purpose of our project is not 
lx> change the school system but only to improve the possibili- 
ties of giving n»re attention to the student's peirsohality as a 
basis of instruction. There are greater possibilities for these 
attempts now with the new school laws making it, in f^ct, easier 
to use flexible student grouping vrtiich in many cases means 
stnallisr groups. 

In the so-called time resource quota system (ttmtikehysjarjes- 
telina) the teacher of a certiih subject gets more time for 
instructional purposes and each school is given a possibility to 
use flexible grouping. One experiment of our project concerns 
grouping c \ the basis of studeshts' Impulsivity which according 
to the pilot st^dy was cohhected with the teaching methods 
students preferred but not with their school achievements 
(Lapatto 1984). By means of grouping teachers hopefully give 
lODre attention to student characteristics and hence make the 
choice of teaching methods easier. 
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Bringing teachers' and students' style profiles onto the focus 
of educational research does hot necessarily help iiiinediately 
teaching practice. In order to be able to make use of the style 
the teacher has to know the theoretical basis of the styles and 
.how they ranifest themselves in teaching-learning process. This 
helps him to become awaire of his own styles and understand the 
students' different approaches to tasks and situations. Only in 
this way can he flexibly take these into account In his teaching 
and help the students who have learning difficulties. 

it is charact^istic of this project to en^^ioy tochers who are 
post-^^duate studeiits of education as researchers. Thus there 
is a close connection between research and real school learning 
situations. These teachers gather material concerning the 
diagnosis of styles and try to find out instxnactional means of 
using more effective strategies having their own students as 
subjects . 
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PROCESSES AND STRATEGIES IN SOLVING ELEMENTARY 
VERBAL MULTIPLICATION AND DIVISION TASKS: THEIR 
raiATICKSHIP WITH PIA^TIAN EXPERB€NTS, ^®^0- 
RY CAPAOTY AND RATIONAL mJtfiER 

T^pio Keranto 



INrRODUCTION 

This report examines fran both the thebrei;icai and the experi- 
oentai viewpoint the interrelationships between the matliQrt- 
tico^logical contents whiidi were the objects of stu^ in the 
third stage of a longttidinal study begun in 1982 (for reports 
of the first two stages of this study* see Keranto 1983a* ig83b, 
198U). The nathematico-logical contents under investigation were 
the rollo#d.hg: 

A. Piagetian abilities (the understanding of transitive 
judg«neht, quantitative correspondence, and multiple 
correspondence) see e.g. Bratnerd 1978, 1979; Gopel-.nd 
1979; Flavell 1963; Ker^to 1979, 1981, 1983a, 198U; 
Piaget 1952; Plaget et al. 1960) 

B. Msnory capacity (the retention of number words - in 
short term memory - throughout a given operation* e.g. 
the arraigihg of blocks into sub-sets of a givesi size* 
(see Case 1972, 1980; ISeranto 1983a, 1983b, 1984; Leino 
1981, 1982), 

C^ Sequence skills (skills relating to the listing of 
number words, e.g. upward and dowrirard listing from a given 
number l?y a gi^':^n number of number worda and listing in 
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given tntervais) (see Fuson & fell 1982; Fason et al 1982; 
Keranto 1981, 1983a, 1983b, 1984). 

Multiplication sfcills and related counting strategies 
on eianentary multiplication tasks of the type cj«d=x. 

E. Division skills and related counting strategies on 
elerantarj' division tasks of the types X'd=a and q»x-a. 

F. Rational number interpretations as rations, fractions 
and quotients (see e.g. Freudenthal 1973; Greeno 1976; 
Kieren 1975; Nbelting 1980a, 1980, b; Payne 1976; . Piaget & 
Inhelder 1952). 

There is little knowledge based bri both theoretical sttkiies and 
experimental measurentents as to how the contisnts outlined ajDove 
interconnect in the mind of the individi^i at ar^ giv^ point of 
time. From the point of view of mathematical theory and of 
rational task analysis, these cbntihts are related^ and their 
interrelationships are examinexl briefly iri the rbllbwihg section 
(for the idea of rational task analysis, see Resnick 1976). 



Of central importance in this study is the arithmetic of natural 
numbers and the way it relates to the concept of rational 
numbir. The basic operations performed with natural nmbers are 
ad'^itibn and multiplication. In Peanb's axiomatic system these 
operations are explicitly related. The multiplibatioh operation 
is defined as a recursive addition operation as follows: m 
(h+1)=m.r>Hn, where m-1 rf^fers to n's successor n. Addition for 
its part is definiad as a recursive operation using the idea of a 
natural natiber's successor: mti = (dM-n)+»1 (for a n»re detailed 
exposition^ see e.g. Landau 1960).^^ 



THEOHETICAL Il^RRELATIONSHiPS 
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Peano's system gives prominence to the "hoiistic" nature of 
.latural numb€irs cUid their cbhhectioh vrtth cb^jhtihg activity^ of 
whose essential features it can be cbnsideryd an abstraction 
(cf. Brainerd 1979 j Keranto I98I). It is consistent with this to 
trace the process of leariiing to rmiltlply natural numbers to the 
l-Taming of number listing and addition. In this study number 
listing skills are represented by ^li}:tin% from a certain nisnber 
by a certain nun^er and/or in certain intervals" (see Keranto 
1983a, 1983'3).In fact frot: the point of view of rational task 
analysis tl^re :U reason to assume that the wbst demanding 
listing skills (xsncerned ai« on the level of elsaentai^ nsental 
SitiplicatiOT tasks. This point will be taken later when 
strategies used in solving multiplication and division tasks are 
examined. 

the other way to seo!: to define natural numbers is based <xx the 
idea, of bijective function. Nitur^ humbiBrs are defined as 
finite cardinal numbers which are equi^^ence classes of sets of 
equal power. In this way the operation of adding and multiplying 
natural ntmbers cones to be defined thus: let a=card(A) and 
b=card(3); a+b:=Gard(AU3) whisre AnB^ and a»b:=card(A3cB) . 

Thus in the cardinal approach addition and multiplication are 
not explicitly bound to each bth^ar as in Peano's or<iinal system. 
For t^e multiplication operation is defined as the power of the 
product set. ffereover the cardinal approach views numbers as 
individual oitities: in other words it Is an "atomistic" 
approach in contrast to the "holistic" character of Peano's 
system (cf. Brainerd 1979, Keranto 1981). 



I Abi^iti€ 



Piaget's theory of developmental psychology gives no direct 
expression of how such thin^ as conserratlon, classification 
and certain relational judgments are connected to the usual 
contents of school mathanatics teaching and the strategies 
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applied to them; It hss been one task of the longitudinal study- 
to seek to explain how success/failure on tasks such as those 
involving oonservation, classification and transitive reasoning 
relate to arid influence success in school arithmetic and 
measurement tasks and the kinds of strategies Used. 

Oh a general level positive correlations have bera observed 
between Piagetiah ability stih variables and arithmetical sum 
variables. This does not, however, necessarily shw anything 
more than ttet Piagetian tasks may be "good" predictors of 
aritteaeti^ performance at a certain school level in the same way 
Cis intelligence tests are "gbcki" predictors of success in 
certain subjects (cf. Hiebert & Carpenter 1982). This kind of 
"global" approach does not give any clear indications as to how 
Piagetian abilities relate to school nathei^tics and vrtiether 
training of these abilities has any influence on performance in 
arithmetical tjsks. 

Oh the specific level certain types of arithmetical addition" and 
subtraction tasks logically require a grasp of cdhservatidh and 
class inclusion. This is particularly the c^e with problems 
where the addend or minuend/subtrahend is the untaown quantity, 
and with tasks relating to the comparison schema. In the case of 
tasks relating to combine-^d-.chahge schonata, in which the part 
or the start set & change are given, demands on logical 
inference ability are not so ^ati ^is picture is supported by 
correlatibhs obtained in experimental measurements (see Hiebert 
& CarpKiter 1982| Keranto 1983a, 1983b). On the other hahd^ even 
hi^ correlations between Piagetian abilities and perfornance on 
addition and subtraction tasks do hot indicate whether Piagetian 
abilities are necessary prerequisites of arithmetic skills and 
of the acquisition and training of their associated strategies. 
"All" they stow is that the more denanding arithmetic tasks are 
more closely connected with logical inference abilities than 
mathenatical tasks that can be solved by direct coiiting 
algorithns or routine counting. In fact, results suggest that 
pupils may use considerably developed counting strategies* e.g. 
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counting-on strategies, though they are non-cdnservers (Hiebert 
et al. 1982; Keranto 1983a, 1983b, 1984) • 

For tte purpose of the present study, it vrauld be impibrtaht to 
know how Piagetiah abilities are connected with oridinary school 
multii5licatioh and division tasks. This is heire eseimined from 
the theoretical point of view. As I have observed in nsf previous 
studies, Piaget and the Geneva school in geriisral have fbcussed 
their attention fran the outset on i»*enumericai functions and 
their ihterhalisation as "mental" operations. rfcltipiicatiOT aSd 
division operaticMls in the development and training of the 
concept of number form no exception. The research sample is 
dominated the csardinal view of nimber based on one-one 
corrisspondence. Cbuhtihg and the search for the significance of 
number words are of secondary importance. Consequently, for 
Piaget multiplication is botnS up with the understanding of 
multiple correspondences (isee Fferanto 1979; Inhelder & Piaget 
1958; Piaget 1952). On the operational level the child should be 
able to generalise as the multiplication 2xN, IfftfrN as . 3xN 
etc. In addition, if it is taovm that a b=c, then the child 
should be able to understand <xi the operational level that asc:b 
and its inverse. In other words, as in the case of addition 
operations , Piaget requires the trsderstanding of inverse 
relation for multiplying operations, too. A typically Piagetian 
experimait designed to define the developmaital level of the 
multiplication operaticai reveals brie further notable feature. 
Piaget seeks to link the UBiderstanding of inultiplicatiori with 
partitive divisidi and moreover to a specific one-one 
correspondence strategy. In other words the strateQr hinted at 
is "one for me, one for you, one for her etc." This experiment 
is examined below (cf. also Keranto 1979; Piaget 1952, 203-220). 

There are bunches of 10 flowers (e.g. 5 bunches) and 10 flower 
rases. The child places the flowers frcwa one bunch into the 
vases (one in ^ch) then transfers them to a Jug^ thai does the 
same with the second bunch. At this point the question is posed: 
if the flowers in the jug are put back into the flower rases. 
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how many flowers will there be in each? The ^aie procedures and 
questions are i?epeated with the renaining flower bunches. If the 
child ts able to infer the multiple correspondences 2 and 1^ 3 
and 1, 4 and 1^ 5 and 1, then according to Piaget this is an 
ihdicaticHi of the understanding of raultipie relation on the 
operational level. It should be noted that logically the above 
process is connected with conservation and transitive judganeht. 
For looking at it logii^ally the child must think of the number 
of flowers in the grv>up as the ^me riegardless of its spatial 
form. In addition, by means of putting the fioweic into the 
vases ( observed/concrete one-one correspondence ) the 
quantitative equivalence of the flower bunches is established by 
transitive reasoning. It is TOt ^surprising, therefore, that 
Piagist links the operational developmental level of 
mitipli^tion and division ideas with the developmental level 
of conservatiCTi and transitive reasoning. 

For the purposes of the experimental section of this study the 
atjove experimental design was developed in the direction a 
standard measure in such a ray that when difficulties arose 
during the performance process, the conservation and transitive 
judgments involved in the process c»uld be checked by means of 
standard questions (see Appendix 2). 



Counting Strategies Relating to Multiplicatioh-^id 



The multiplication and* division tasks in the experimental sec- 
tion of this study are in mathanatical structure of the types 
q#d=x^ q»x=a and x-d=a. Further, the study does not restrict 
itself to partitive division situations for division tasks, btit 
seeks also to Investi^te msasuraaent divisions carried out with 
corresponding numbers. In a partitive division situation^ the 
ncmber of the part sets into which the basic set is to be 
divided is given. In measur«nent division, it is the number of 
objects in the part set which is given. The task is to 



determine tte number of sub-sets (see Appendix 1: partitive 
division taslcs PAHD and measurement division tasks MEAD). There 
is rso experimental evidence as to what kinds of solution strate- 
gies chil^m use on the lEultiplicatioh and division tasks 
oohcerhed. The investigation of this is one of the nalri goals of 
this study (see Section 2: Theoretical interrelationships) . 
Here the question is considered from the theoretical point of 
view. 

On the basis of the p:'eviou3 studies concerning addition and 
subtraction strategies it can be assumed that children may use 
the following strategies in internalising and abtfreviating 
operation:! bri the multiplication type m«n=x (cf . Keranto 1983a, 
1983b, 1984): 

1. Long processes: The child takes the required nuiber of 
part groups (times) containing the number of menders indi- 
cated by the multiplicand and counts the members of the 
whole group one by one; e.g. 3*5=?: 1,...5,1,.-.5,1,.--5; 
1,...15— > 15 

2. Abbreviated processes: the cliild makes use of now better 
developed number-listing skills and is able to do the task 
m^tally; e.g. 3*5=?: 5,10,15 or 5,10,11,12,13,14,15— > 15 

3 . JSibwledge or der i ved knowledge : the answer comes 
off the shelf" (t<2s); it anerges from the child's explana- 
tions whetlier answers to previous tasks have been made use 
of (derived Imowledge) 

What then are the possible cbuhtihg strategies relating to 
division skills? Since counting strategies relating to 
measurement arid partitive division situations are different to 
some extent, they are here treated separately to start with. 
First, the measuremeait division strategies:. 



1. Long processes: the child takes the number of objects 
to be divided aiKl groups them into sub-sets of the size 
indicated by the divisor and finally counts the nimber of 
sub-sets; e.g. x»5s15: 1 , . . .jS?! , . • • f 5? 1 , • -.fSlI ,2,3 ~>3 

2. Abbreviated FttX)cesses: the diild makes use of now better 
developed number^listing' skills and is able to do the task 
mentaiiy; e.g. x»5s15; 5 is 1., 10 is 2;, 15 is 3* ~>3 

3. Knowledge or derived knowledge: the answer is taken 
"off the shelf" (t<2sj; it emerges from the child's explana- 
tions whether use has been made of the inverse relation of 
multiplication and division either in connection with pre- 
vious tasks or multiplication tables; e.g. the answer to the 
task x»5=15 is 3> because 3»5=15, or because "I just did the 
^same* sum."i 

Finally, the partitive division strategies ire as follows: 

1. Long prbcsesses: the child uses systematic "one-one sys- 
tems" (cf . Piaget) or a "try and see" strategy; e.g. 5»x=15; 
one for the first^...bhe for the fifth, a second for the 
first... a second for the fifth, three for the first... 
three for the fifth — >3; or using the "try and see" strat- 
egy starts with the S-monber groups ^ in which case the whole 
set divides out equally but there is not the appropriate 
number of sti-sets; continues with 4-member groups, leading 
to unequal division; then continues with S-monber groups, 
which yields 5 equal part-sets-^>3 

2. Abbreviated processes: the child uses now more developed 
number-listing skills linked to a "try and see" strate^r; 
e.g. 5«x=15; 5^ 10^ 15 f or the reverse, and notices that 
there is hot the appropriate number of parts; then tries 
with 4, 8, 12, 16 and notices it does not work; then tries 
in intervals of 3 and so finds that 3 is the answer. 
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3. Knowledge or derived knowledge (see the corresponding 
level fbr measuroaent division). 

As can be seen from the above ^ the strategies used on measure- 
ment and partitive division situatidhs at levels 1 and 2 differ 
to soBB esct^. In f^ct witti measurement division what the 
number of sub-setts should be is given. Presunably as a result of 
this, the tasks in question can be solved on the ccncrete opera- 
tional level irtthout any strain m the memory. In addition^ the 
trial and error procedure is presiably easy to eliminate. For 
it is kiKlwh at the outset how to begin grot^ing or Ttxm irtiich 
number to begin listing and \3y how many. In the case of parti- 
tive division the sittation is different when the subject does 
hot knew or cannot use a systematic one-one strategy. While 
using the "try and see" strategy, he has to retain in merobnr the 
number of sub-sets. This constitutes an additional load on 
memory as compared with the m^suronent division situation. At 
present there is no knowledge of vrtat role the individual's 
memory capacity plajrs in such division tasks, this question is 
investigated in this study through the develo|xnent of a membr^ 
capacity measure IPC related specifically to division situations 
(see Appendix 4). In the test in question the subject has to 
group a set of 15 objects into sub-sets of 3 while at the same 
time retaining in raaaory a cisrtalh nianber of orally givai number 
words. Frora the previous studies there are grounds to assume 
that meinbry capacity m^^ured in this '.^y should correlate 
F^ticularly with performance <xx multiplication and division 
tasks (on the content-specific nature of iMmory capacity, see 
F:eranto 1983a, 1983b). 



The foregoing analysis suggests that number-listing skills in 
particular are closely connected with multiplication and 
division skills and strategies. It is to be assumed that this 
will be observable in the experimental section of this study in 
the form of a high correlation between ntaaber-iisting skills and 
multiplication and division skills . In addition it ^ be 
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assumed that Piagetiaii abilities will not show a marked 
correlation with multiplication and division skills • As pointed 
out above, Piaget's ^^ertmental designs are suggestive of a 
certain specific strate^ (the "one^ue" structure) arid of 
partitive division. 



AdditiOT and imiltiplication with natural numbers are central 
counting operations. In other words the results of adding or 
muitipiying two natural number^ is sLLways a natural number- The 
situation is different as regards tHe inverse of these 
operations, subtractidtl arid division. This means that using the 
set of known natural numbers it is not always possible to solve 
the equations nH-x=n and m n=x where m,hcN. 

For "uninhibited" . performance of natHenatical operations , 
therefore, the range of nuibera needs to be expanded. The 
expansion of set N to a set of ^ole numbers Z is initially 
carriad out in such a way that the solution of the equation 
nH»x=h is also possible iri C3ases whisria ri<m. For the set of 
drder(5d pairs (m,n) € M^dJ an equivalence relation is defined 
which divides the product set into the eqtii violence classes we 
refer to as whole numbers. Thereafter multiplication arid 
divisiori arid biVar are detenriiried for the set of "numbers" in 
question in su^ a way that the basic properties of natural 
numbers are "preserved" in set 2^ too. In fact it is easy to 
danoristrate that the set of ribri-rie^tive whole riumbers arid tHe 
set of natural numbers are identical. In other words the set of 
natur^ numbers and the set of non-negative whole ntnnbers are 
describable as unequivocal invesrsiohs of each other such that 
addition and multiplicatibri arid brderirig are preserved (for 
furtTier details see e.g. Pehkonen 1978,137-175). 

The set of whole numbers 2 is still deficient^ however^ iri that 
it does not always allow a solution of the other ed^iatiori m x=ri 
where m^n^Z. The set 2 is therefore enlarged irito the set Q of 
rational numbers, where the equation is always soluble provided 
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that va$0. The escpansiori is carried out here too 1^ means of an 
equivalence relation. An equlralence relation is defined for the 
set vrtiich divides the members of this set into equivalence 
classes known in nathematics as rational numbers. For the set of 
rational numbers obtained, addition and moitiplicaticai and 
ordering are th^ defined in such a way that the p«?6perties of 
natural numbers are preserved. In f^ct it can be shown that 
rational numbers of the Torm (m,l) are isomorphous with whole 
nanbera, in oth^ words (m,l) and m are equivalent where ra4Z. 
Finally this leads to the familiar result that rational numbers 
can be .expressed as a quotient of two whole numbers, i.e. 
(m,n)=m:n, where n#0. 

In the elOTentary school syllabus^ ah algebraic approach to the 
(SxparisiiDri of the ritniber r^ge described above is to be observed. 
As early as the fourth grade, the concept, riding and writing 
of vrtiole m^era, as well as their ordering size and ccfl5>ar- 
ison, is dealt with (see Kbuluhallitus 1982). But it is 
also to be noticisd that the teaching of rational nanbers- is 
begun m the third grade with the teaching of the concept being 
based on the idea of fractions. Also introduced is the 
expression of rational numbers as decimals. Oh these tases it is 
th&i sought to deepen and broaden the concepts of whole ncrabsrs 
and positive rational numbers in parallel and separately from 
each other. It nay well be asked, as Leiho with good reason has 
done, how desirable it is to adopt whole numbers in elementary 
school nathenatics teaching from the point of view of both 
learning and of needs (see teino 1977,75-78). Unfortunately the 
situation at the moment is such that there is no knowledge based 
on detailed empirical research of how pupils under?5tand whole 
number^ arid of what conscious processes and other factors the 
learning of finite numbers demands. This would be an in^xDrtant 
and interesting arai for research, but is hot takai ift) any 
further in this study. Instead the focus of attention in the 
present study is on how md at what stage pupils acquire the 
ideas of fractions and ratios involved in the concept of 
rational nuntiber and how this connects with the contents 
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investigated in the earlier stiages of the Idhgitudihal study. 

Rational Numbers as Rations, Fractions, and Quotients 

The learning and teaching of rational numbers involves several 
interpretations in which different conscious and pedagogical 
structures and strategies are (^hasized (for the difrerent 
intisrpretatibhs of rational number^ see Kleren 1976). Of central 
ii^rtance in this study are the Rinds of learning and teaching 
situations which emphasize the interpretatiOT and use of 
rational numbers as fractions and ratios. Also of interest are 
the "precomparative" Judgements involved in division situations 
with discrete object sets. These nay be related via partitive 
division processes to the idea of rational number most closely 
connected to continuous models. By c»mFarative judganents here 
is meant the ec«5)arisdn bistweai the relative sizes of two 
ratios in quantitative contexts. More precisely, the focus of 
interest here are those situations where the pupil has to be 
able to decide whether the relational parts of certain 
fraction, ratio or partitive division contents are equivalent 
or not. The intention is thus to investi^te how the concept of 
rational number develops and vrtiat stages and associated solution 
strategies are involved in the proceisis. 

Rational Numb e r s^ as Rp . tios 

the m^ta> developraeit of the idea of ratio and prbpbrtibh has 
been invrati^ted in various mental contexts. Piaget's studies 
in parti jular have been pioneering (probability and chance / 
Piaget & Inhelder 1951; geometrical uniformity / Piaget et al 
I960; certain physical lara, speed arid time / Inhelder ^ Piaget 
1958^ Piaget 1970, 1971). Karplus and Peteraon, and later Noel- 
ting, have tried to develop Piaget's line of research in such a 
way that it might be possible to present the levels of opera- 
tional thought by means of executive strategies (Karplus & 
Peterson 1970; Noelting 198C^, 1980b). Given the line of research 



27 



and the^ experimental atns .f the present longitudinal study, 
. Noelting s experimental designs and research angle are of m" 
ticular note, indeed. IToelting sa^ to lave developed a measure 
of the^ concept of ratio ntnaberb^ 

^^J^ °' "^"^ ^""""^"^ "^"^"^ °°^i3on 
can be reliably ^ured. The following table gives a condensed 

Picture of Noelting's .^l^ntal desi^. with a typical tas. 
and descripMai for each level. 

TABLE 1. Developmental Levels hr the Concept of Ratio 
According to Noetting (cf. Noelting 198ba;231) 



SCage Levisl 



Agelj Typical ta3k2) 



Description 



a Prebper- 3;6 ■■a^p ■QOa Q Cdraparlson of 

V3. l:U np3t term 



IB Intuitive 
opera- 
tions 
level 



■GQ Baaoaa ^^^^ tenw 

1:2 V3. 1:5 Comparison of 

second terms 



tc 



la Concrete 
operations 



IB 



IIIA Formal 
opera- 
tions 
level 



IIB 



3:^ V3. 2:1 



Inverse 
proportion 



m a it-.tio i:i 

vs. 2:3 equivalence 
class 

I0;50aa QaQQaa '^whatever ratio" 
2:3 vs. Hz6 equivalence class 



^•^'^ B- WiWM- Ratios Where one 

Qoaaaaan or thecor^es- 

1:3 vs. 2:5 ponding terms Is 

a m»iltlple of 
the other 

^^'^'^Qaaaaandaaaa"Whatever ratic 

3:5 vs. 5:3 



1 A|e = age where 50 < of the age group su^-eed 



D = water 
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The basic question posed in this experiment is: which l^i5^^r^ 
tastes sweeter (or more of orange), or do both mixtures t^^t^ 
the xaoB (cf • Appendices 3 and 55 

Ncelting distinguishes two min types of a?lution strategy t^^ l?^ 
used on this task. Where the subject operates on the "f^^^^r 
state" of each mixture C juice vs. water) and tases his judg^°%t 
CXI the products he obtains (in certain (Sises on the result;^ t^f 
division), Nbeltihg talks of a "within strategy". Foi» Inat^^^f 
oh the IC stage task 3:4 vs. t:1 the subject may say that Aki^ 
one Is weak and this one is juicy, so this one (3:^^ 
sweeter"; on the stage IIA task 1:1 vs. 2x2 the subject n^ij^ ^9 
that "this one is just ri^t, and so is this one, so the/ 
Just as sweet" (these eramples are taken frcm interviews ^^ii^ 
ducted dm-ing the e^perlm^ts in f:he present study) . Qit[ W 
stage IIIA task 1:3 vs. 2:5 the subject may work out how 
water there is to one part juice and c»me to the figures 3 
2 1/2; therefore ^he 1:3 mixture is weaker and the 2:5 ml^^V^ 
sweeter. On this basiis it can be observed tHat the wjthin ^l^t^ 
egy is related to and leads to tHe understanding of per^^^^^^ 
numl -2rs. The other nain type of strategy is the between str^Hg^ 
arid relates and leads to conmon denominator algorithms, ^ 
;following e^rample wii: show. Using the between strategy tn^ 
stage IIIA task 1:3 vs. 2:5, the starting point or focal f>iti^ 
is the "lower" inner state 1:3« This is worked on (e.g. qi^^^K 
ted to higher terms) so that the quantities of juice ai?e { 
"There should now be six glasses of rater to two of juice, ^^H^^ 
there are five glasses of water in this one, this (2:5) \f 
sweeter mixture." 

_ _ _2/ 

Moelting's theoretical arid empirical results strongly 
that the system described above forms a hierarchy (Table ^v)' 
Indeed the basic idea is that the strategies at each ^^i^ 
contain the essential features of the strategies of the pv^^^^_ 
stage. For the pupil to advance from orie stage to anoti^^J^ ^ 
qualitative change has to happen in the ?5trategies used» t^'^'^f^ 
ding to tToelting, the ro^k "Mow i get it!" signals that^ tP'^ 
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pupil has made the appropriate modificsations to his executive 
strategies (cf. learning with understanding / Ausubel 1963; 
equilibriian / Beth & Piaget 1966; adaptive restructuring / 
Noelting 1930b). As cti be seai in Table 1, stage lA tasks are 
solved via c^^risbn between the first terns (between strate^ 
©r). This ojjeratioh is included in the stage IB sti^ategy, in 
whidl by means of the between strategy the first tewiB are fbund 
to be the sane and the socond terms different. To solve stages IC 
tasks It is not sufficient to bbhceritrate dh one 'between" 
relationship at a timej there also has to be ari examination of 
the "within'' relationships. To solve stage i!EA tasks the chj;ld 
should mderstand that these tasks are solved either fc^ means of 
the within strategy or by means of betweai strate^. At stage 
IIB^ multiplication arid/br division bperatidris becMie necessary. 
The solution of stage lilA tasks requires for the first time a 
synthesis of two operational systeaai. The fxipil has actually to 
be able to cbm)^ihe multiplicatibh and additiOT operations ^^ith 
each other. Since at stages IIIA and IIW the p?oduc^:3 of cer- 
tain operations are subject to further operations, it is now a 
question of operations oh bparatioas or formal bperatiohs (cf . 
e.g. Beth & Piaget 1966). 

The above anstiysis leads to the logicaii conclusion that 
multiplicatioa and division skills becotne really necessary on 
tasks at the IIB stage. The experimaitai measurCTaits in i;be 
present study were carried out on second graders ranging in age 
between 8 and 9. According to the age estimates presented by 
Moeltihgj most of the pupils in question might be expe-jted to be 
at stages IC arid IIA. Thm it is to be expected that the stages 
measured on the ratio test wiH not be particuSarly related to 
the inulTiiplioatiOT and division skills and their associated 
countirig strategies examined in the present study. 
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Rational Nontoerg as Fractlona and Quotients 

When we seek to answer the question "How great a ixirt?'^ or '^What 
part of the whole?" we are dealing with the fS?actibh interpreta- 
tion of rational numbers i This interpretaticsi centres on the 
division of a certain t/*hole into parts of equal size and the 
siimjltarieous dbservatic»i of the quantitative relationship of the 
parts thus fbrmed and the original whole. We also speak of 
fractions of a whole and write these as a/b. Here b is known as 
the dehoraihator and indicates the number of equal parts into 
whi(2h the whole has been divided^ and a as the humeratbr, show- 
ing how many equal parts are observed- As is apparent frcm what 
vras said in the previous secticsi, on the more daianding ratio 
hianber tasks pupils nay make use of 'zhe fraction symbolics they 
have learniad. In other words the ratio may be eacpressed as a/b, 
but this is fundamoitally a question of tlie quantitative conn 
parisoh of tvro fjarts of the wSole. if for instance we have 4 
parts juice and 5 parts water^ then the quantity of juice' is 
4/10 or 2/5 of the mixture , and the quantity of water 
correspondingly 6/10 or 3/5i But the ratio of Juice to rater cafi 
also be expressed using the fraction syimircl system as 4/6 or 
2/3 f but this must be read as "four to six". This suggests, 
then, that the te3.chihg of the symbolic expression involved in 
the concept of z^ional number should begin with fraction inter- 
pretations and the symbolics le^t can then be ployed in the 
teaching and learning of nbre d«nahding ratio number tasks. 
(This proposal is in keeping with the elementary school mathe- 
natics i^llabus; Kouiuhaiiitus 198t). 

The problem is at what stage to teach fractions arid to what 
observat j onal models to ijse frcxn the point of view of fraction 
interpretations^ Both surface models and set models have been 
us3d in school ratheratics. Instructional research carried out 
has shown surface models to be clearly fjuperior in the teaching 
of tasks involving the addition or subtraction of fractions of a 
different den^inator and verbal ratio problems. Surface models 
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also led to better results on tasks involving part-part and 
part-whole cjomperisohs (Greeho 1976; Payne 1976). These results 
suggest that it is more difficult for pupils to perceive part- 
whole relationships vrtien models involving discrete sets of ob- 
jects are used, it would appear that set models are cslosely 
related to the idea of ratio number examined above where cdn5)ar- 
ison TocUses on the relationship between parts. In addition, 
the results indicate that the idea of equivalent 'fraction 
niSbers' is learnt more easily with the help of surface models. 
The equivalence of the 'fracticn numbers' 1/2 and 2/4 can be 
dbsisrved in a very concrete way with the help of 'rectangular' 
or 'round' models, where the size of the mits to be aDn^)ared 
r«Dains <»nstant (cf. Greeho; Leiho 1977*77; App. 3 and 6). With 
the set theory aisprbach the situation is different. For the 
change in the denominator entails a change ixt the number of 
n^Sers in the set. The quantitative ihvariahce of the unita to 
be cdnpared is thus lost. The consequences are evident in the 
results obtained in instructional res^rch. 

The above observations indicate that the learning of the concept 
of rational number is at first tied to cisrtaih tnodels and inter- 
pretations. It is apparently only after a long process of teach- 
ing and learning that the pupil is able to switch freely between 
mcxlels and interpretations • This is ah area which the present 
study also seeks to survey iampirically. In connection with the 
fracti(^ interpretation a"cake" model is used, ^e pupil has to 
compare certain fractions (portions) of ojual-sized cakes and 
decide if there is more to eat in one than the other or the same 
aiaouht. The fractions in question are diosen to correspond with 
the number ratios in Moeiting's experiment (see App. 3)« For 
instancey Noeiting's task ratios 1:2 vs. 2:4 were taken -as 
"corresponding to the fractions 1/3 and 2/6 in the cake test (see 
App* 5 and 6), Oh the basis of the theoretical observations 
above, it can be assumed tHat there will not be a marked corre- 
lation between the ratio and fraction tests at the second-gra- 
ders' level. 
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The abovisi does not say anything directly about how the fraction 
concept develops and at what stage its fundaflJentals couid be 
tauj^t to pupils. Both Piaget's res^ch and studies ratrried otat 
in the U.S. suggest that second-graders ought gOTeradly to be 
ready to learn the basics of fractions and the associated synK 
bollcs (Payne 1976; Piaget et ai. 196b). This essentiaily con- 
cerns surfacse models^ where division is into two, three or four 
equal jsarts. it is a different matter at what stage the pupil 
understands the idea of equivalent fractions and am apply this 
knowledge in tte addition mi subtraction of fractions with 
different dehomihators . Empirical research is needed to throw 
light bri this. Similarly researcsh is needed into the question of 
what mental schemes and strategies are required for the pupil to 
be able to understand the fraction a/b as a quotient a:b of the 
numbers a and b. Instructional research is also needed to find 
out how be^t to teach this relationship betwr»ai the fraction a/b 
and the quotiait a:bi 

Touching on this question ^ the present study ihvesti^tes ax- 
periiiientally the prbpbrtibhal reasbhihg of second-graders in 
partitive division sitistions. As in the "juice" and "cake" 
tests, so in the "chocolate" test the pupil has to divide it to 
different proportions. The pupil has actually to be able to 
decide which of two groups gets most pieces of chocolate or if 
they get the same amount (see App. 4 and 7). The difference 
between this and the previous tests is that in this case the 
tasks can be solved fairly easily using multiplication and 
division strategies. Thus it can be assumed that the chocolate 
test will correlate more significantly with multiplication and 
division skills than will the Juice and cake tests i It is the 
task of the next stage of the research prbgraiane to investigate 
how multiplication and division skills are connected with the 
ability to extract out a i^t of a number or qisntity. In this 
way it will be possible to seek an answer to the question of how 
the ixipil discovers the connection between the fraction a/b and 
the quotient a:b. 
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©4>iR±eit INTERMJ^TIdSSHIPS 

The Doain tasks of the experimental j»rt of this study are 
presented in t^e fdrta of questions as follows: 

1. iihat idnd of obuhting strategies are used by second- 
graders in solving eledtentary multiplication and division 
tasks and what are the fl*eqaencies of such strategies? 

2. How and to v*at extent are Piagstian abilities, manory 
capacity arid nunfiser-listing skills related to nultipiication 
and division skills and to each other? 



3. How and to what extent do multiplication and division 
skills, and the no^r-listing skills (lislting by certain 
interrais) closely associated with them, develop during the 
second y^u* of school? 

4. How and to itet ©ctent do tests measuring proportional 
reasoning involving ration fraction aiKi partitive division 
contents form hierarchies and correspond to each other? 

5. How and to vrtsat extent are Piagetian abilities, memory 
capacity, rrflber-listing skills and multiplication and divi- 
sion skills related to proportional reasoning with ratio, 
fraction and partitive division contents? 

The questions posai above are escamined with the help of fre- 
quency tables and cjorrelatibh arid regression analTses. T-tests 
calculated are not reported here, since they did not provide any 
additional information cn these questions. 



Method 

Measurements for the third stage of the longitudinal study were 

...•5 41 



34 



taken but in individcal interviera held dti*ing the period Sept, 
9 - Nov, 18, 1983 at the training school of the University of 
Tampere, Teacher Training College of HSmeehlinha, The subjects 
were pupils beginning their seCOTd school year. Each pupil 
(N=35) took part in four interviews, conducted by the author 
himself. The first test studied number-listing skills and solu- 
tion processes on nuLtiplicatibh and division tasks. This took 
the pupil 30-40 minute depending on the level of skills and 
processes used, and included a short break (see App; 1) The 
second test measured Piagetiah abilities, and lasted 15-20 mi- 
nutes (App, 2). The third interview was cbhcerhed with charting 
the understanding of ratios and fractions, and took 20-30 mi- 
nutes (App. 3). The fourth interview measured memory capacity 
and the idea of partitive division, again lasting 20-30 minutes 
depending cn the fxipil's ability (App,4), MisMurismisnts for the 
development of the more donanding number-listing skills and the 
solution processes on the raaitipli<^tion and dtvtstcw tasks were 
perfomed during the April 1984, 



The Measures 

The types of tasks used arid tlie abbreviations together with 
their explanations are outlined below. The test type abbrevi- 
ations and number of itens per test type are given in paren- 
theses. The individual tasks are set out in detail in Appendices 
1-4. 

P iag e tiah abili ti-esr "Length Transitive inference" (LTR/i<). 
"Cardinal Transitive inference" (crR/2) , "Equi valance 
Conservation" (Ee/3). "Identity Length Conservation" (TLC/2). 
"Mult'.plicative Correspondence" (MSP/3). 

Of the above, CTR and MC^ are new variables developed further 
from Piaget's multiple correspondence tasks (cf. Piaget 1952, 
203-220), The other variables were also used in the earlier 
studies (see Keranto 1981, 1983a, 1984), A brief eramination of 



42 



35 



the mental development of these variables is givoi iii cdnnectidri 
with the presentation of results on the first and third question. 

M^ry (^tpacity: "Inforoatioh Processing Capacity" (IPC/15). The 
task presehtatioh and dcmbihatibhs of numbers used iii this IPC 
measure were as for the ESP(S) measure in the earlier studies 
(cf. Keranto 1983a, 1983b, 1984) except that now the pupil worked 
with wooden blocks. The pupil was told the numbers to be reman- 
bex*ed^ which had to repeat strai^t away. Then this blocks (15 
iri randcm array) had to be grouped into threes. When the group- 
ing was complete, the pupil had to announce the numbers remem- 
bered. It was the intention that the IPC tasks should correspond 
in obhteht as fir as possible with the functional processing 
used m content division tasks. 



tJumber-listii ig skills: "Cbuht UP fi?dm x BY 'N'" (UPBr/4), "Count 
DOMI from y BY 'N'" (DOBY/4). "Count OP from x BY the S/ttfi 
nianber rf* (SABY/6). The task types wsre the as the tnore 
denahdihg of those used in the two earlier stages of the longi- 
tudinal study (cf. Keranto 1983a, 1983b, 1984). One new task was 
"continue in intervals of six: 6,12..." (SABY/6). 

t^l tiplicatibh skills : **Multiplication" (MCJLTI/5). The test 
involved el«nehtary verbal tasks of the type m n=x, selected to 
f^l in tHe 1-20 number range and using the school text book as 
an aid ("ecological validity"). 

g ivisibh skill ai "Measuronent division" (MEAD/6), "Partitive 
division" (PARb/6). Content and partitive division tasks were 
chos^ in such a way as to correspond as well as possible with 
the multiplication tasks and with each other both cohtisxtually 
and numerically. 

Understanding of basics involved in the rational number cbhcept: 
"Proportional r^sonlng in RAtlO-content" (RATI0719) * 
"PrbpMDrtibnal reasoning in FRACTIOfl-cohterit" (FRACT/ig) ^ and 
»Troportidnal reasoning in PARTITION-content" (PART/15). 



35 



Prbpbrtiohal reasbhihg in cjohhebtioh with the concept of ratio 
was tested by nteans of fToelting's "juice" test (Noelting I980a^ 
198(35) i ^e test involves the pupil comf^ing the sweetness of 
mixtures poured into tw Jiig^i For ^ch task ttiere was a 
pictorial representation showing the quantities of juic2e and 
water to be poured into the Jugs (see App. 5). Proportional 
reasoning involved in the flection interpretation was investi- 
gated by ra^ns of the "^e" test. The factions involved were 
chosen to correspond with the ratios in the juice test. Thus the 
numbera used were nade "constants". Proportional reasoning in 
partitive division was investi^ted by means of the "chocolate" 
test. As with the juice and cake tests, here too the pupil was 
able to use pictorial aids (see App. 6 and 7). 



Scoring 



For - -Pi^Qtign gbtltttgg gnd the prooggs involved— In^ perrbrinahcG 
the scoring was as follows; hTR and CTR: 0 for failure, 1 ' for 
success ch task but inadequate reasoning^ 2 for success and 
correct reasoning; EC: 0 for cbrrespbhdehce not "conserved", 1 
for "conservation" but unsatisfactory reasoning, 2 for an <33cpla- 
naticn based on reversibility, compensation, numbera or non- 
additioh/hoh-subtractioh; ILC and BT.C: 0 for an irSediate 
"wrong" answer of "shorter" but inability to explain why* 1 for 
the ri^t answer without sufficient explanation or for an even- 
tual wrong answer but evident tSderstanding of cOTpensation, 2 
for a correct and well-reasoned answer "it's not cut", "you can 
strai^ten it again" etc.; MCP: 6 for lack of understand ing^ 1 
for the ri^t answer but no or insufficient explanation, 2 for a 
well-reasoned answer. 

Memory capacity scoring was dichot OBSSus aa-4^ollQ^^^ 0 for per- 
formance inadequate in some respect (incorrect grouping, numbers 
given heeded repeating, numbers remanbered in the wrong order, 
one of tHe numbers forgotten during grouping), 1 for completely 
satisfactory performance. 
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Number-llsfelng skills we pe-^scQg^-OR-a-t ridi^ 9PBY 
and DOTI: 0 for failure, 1 for success using finger cotmting, 2 
far correct sbiution ai^ived at raentailly (for nbre detail oh 
ms^ry strategies, see Kerahto igSSa* 1983b, 1984); SABY: 0 for 
inability to uianage two "steps", 1 for success in handling two 
or ffibre "steps" by listing the intervening rniibers, 2 for suc- 
cessfully cott^leting two or more "steps" without number-list ihg. 



Multiplication - sfellls — scorin g aj^in in golyed the performance 
proces-g and the strategies observed; 0 for failure even with the 
help of blocks or fingers; 1 for a solution process based on 
concrete aids, where the pupil takes from the box the required 
nianber of sub-'groups of a certain size and finally counts the 
number of objects in the vSole g^tp (long processing); 2 for 
maital stratee:**^ based oh the nore dananding ntaiber listing 
skills mentioned above, e.g. on the task 5 2=? counting 
2,4,6,8,10, or 2,4,6,8,9,10 giving the answer 10; 3 for a 
promptly given answer based on knowledge or derived knowl^ge 
(e.g. noticing the relationship between t^e different tasks; 
solution time < Ss). 

Division skills scsoring cdrrespdnded to that used o n — multi^ 
plication skills; ^EAD and PARD; 0 for failure even using blocks 
or fingers 5 1 for success using concrete aids: on MEftD tasks the 
pupil groups directly into sub-groups of the number indicated by 
the divisor and firally counts the number of sub-groups; oh PARD 
tasks tlie situaticxi is more problematic. If the pupil uses a 
"try and check" strategy, he has to bear in mind the vSole time 
that the divisiOT has to work out evenly and that the number of 
^ups must be that indicated by the divisor; if he uses the 
"one at a time for each" strategy (cf . MCP tasks) the situation 
is (KUSiisr as regards manory capacity; 2 for performance based on 
mental processing using * addition/subtracstibn/humber-listihg 
skills; 3 for a prompt answer based on knowledge or derived 
knowledge (e.g* noticing the connection with the multiplication 
tasks) . 
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Onderat andtng of basics Involved in tfae-pafelonal-m^ er cbnc e pt 
the scoring here was; RATIO; 0 for ^ilure or an answer based on 
guessing; 1 for competent performnce, which was based Siniy' cm 
"within" or "between" strategies. Using the "within" strate^ 
the pupil examines the "internal" proportions of the water and 
juice to be mixed in the jug and then comiHres these propor- 
tions; e.g. 2:2 and 3:3 are both "just rii^t", in other words 
iequally sweet. With the "between" strate^r the relation between 
the parts of v^ter or juice are compared with either the water 
or the juice as constant; e.g. in the case of 1s3 and 2:5 the 
pupil nay make the juice the constant such ttet 2:6 = 1;3 and 
then consare the ratios 2:5 and 2:5. The right and wrong strate- 
gies used by the pupils will not be examined in any greater 
detail in this study, but will be the concern of a later stage 
of the study. 

FRftCT: 0 for inability to do the task mentally or for an answer 
based on guessing or, where pictures were used, on a direct 
visual ooTi^>arisoh; 1 for the right answer and adequate reason- 
ing. As can be seen from Appendix 3, a figure was always shown 
after a mental attempt or perf onnstnce . It so happened, however, 
that the pictorisLL materisil used invited a direct visual compar- 
ison (the required fractions of the <^kes were ready shaded/cf. 
school textbooks). For our purposes it vrciuld probably have been 
better to use pictures without the ^ding, in other words such 
as to require the pupil to seek and COTipare the portions to be 
observed for himself (cf. ilurmi, Reihikka <Se Tiira igSU). It is 
for that reason that the scoring used was dichotomous and fesed 
oh correct/ incorrect mental perfornmce. 



PART: 0 for an unsatisfactory guess or answer based oh direct 
vi sua! observation ; 1 for competent mental per f ornahce or 
performance based on distribution of the figures ("chocolate 
bars"). PART tasks could have been scored trichotomously, but 
this analysis left for the further stages of the study. 
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Sum Variables 

The following sum variables were rortned in csonnection with 
the above tasR types and scoring: 

LTR- ilmj- , CTR»i^CTO^ , TR- UTR^Cra , EC- ^ EC^ , D> ^ HXZi- ^ 

2 ^5 -4- -4 6 

jaMOP-^HCP^ , IPcJ^ IPC^ , UPOT-^UPW^ , OMVi ^ OSiYj^ ja SAW- 21 SABY^ 

J: ^ 6 - - m 

FRftO ^ FRACTj^ ja PAId> PASffj- 
j« 1,3", 5,8 

The fbrration of the am variables is supported hot mly by 
criteria of content but also by the obrrelatidh and hierarchy 
analyses of the items relating to the RATIO, FRftCT and PART 
variables shown in Appendix 9. The hierarch/' analysis of the IPG 
test is given in Appendix 10. 



Results 

Results Pertaining to the First Question and ^the 
FrequiBhQi i BS and-Develo^e nt of Pia ja;etian Abilities and Nup^er- 
Listing Skills 

Ah atten^jt to answer the first escperimental question is made 
using the following table, which shoi^ the frequencies of 
itrategies used on multiplication and division tasks. 
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TABLE 2. Frequencies of Strategies involved in Multiplica- 
tion arid Division Skills (N=36). (In parentheses 
below, figures where technicail errors are taken 
into accomt .) 
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On the basis of this table the following observations can be 
made: 

^m The number of unsuccessful performances on raoitiplication and 
division tasks was ver^ small if we exclude technical errors due 
to corelesness. The instances of failure on content division 
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tasks PARD3^ were mainly due to the use of an inclusion strate- 
in the cbhterit division situation. In addition there were two 
failures on task PftRDS due to the tSsuccessful use of the "try 
and check" strategpr. 

2. On the tnultiplication tasks M0t,Ti1-3 the riin strategsr ras 
"abbreviated mental processes", i.e. the pupil used the more 
deranding number-listing skills in arriving at the solution. On 
tasks M[JLTI4-^ a slij^t tendency becomes apiarent to "shift" to 
the use of concrete aids. In the case of division tasks, long 
processes relying on concrete aids formed the main strategy • Ah 
exception to this was the content division task PARD2, which 
fran the jJbiht of view of the performance process proved in many 
cases to be an addition task 54-5=10. 'Se table does hot directly 
show how many of tte childrai used a "dheHDhe" strategy bh the 
long fx^bcesses level cwl oontent divisicxi tasks; the number was 
in fact between three and five. This result is parallel to those 
in the • earlier studies, in ^ch the fomatioh of numerical 
eijui valence was one area of investigation; there ^ too, the bhe- 
one strategy was of a very low frequency (cf. Keranto 1981, 
1983a). ^ 

3. Use of factual knowledge was, as escpebted^ low in frequency. 
Derived knowledge was used naihly oh tasks MULTi2, ^EftD6 and 
PARD6, i.e, on those tasks Wha?e the pupils were ablej to nake 
conscious use of the relationship and sljiilarities between the 
tasks. In other cases of factual knowledge, the answer was 
"simply" known. 

4. On the tesis of the frequency distributions it can be 
tentatively observed that only scrae inultiplicatibh and division 
tasks ihvblvihg a certain nathetiatical equation are caosely 
connect(9d in the mind of the child. More detail of the highesst 
inter correlations between items cti be found in Appendix 8, but 
mention can be .iiade here of the following: MEADI* PARD1 (8:4=?) 
(0.68*»»); JEAD2, PARD3 (12:4=?) (0.72***); MJLTI1 (4 2), PARD1 
(0.65***); MULTI5 (5 2), MEAD3 (10:2) (0.65***). Other 
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obrrelatibns relating to tasks involving a certain inathCTati(^ 
equatiOT were below the 0.60 level (App. 8). 

Before proceeding to results in the second rtain area of 
investi^tiOT, it wiU be heipfai to e: ^ne the table be^^^H 
showing the frequencies of scores obtained on Piai^tian ta^t<^ 
and number-listing tasks. 

TABLE 3. Frequencies of Scores Based m the Performanae 

Process on Piagetian Tasks and Nuinbet--Listing Ta^^^ 
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14 


19 


21 


21 



failure 

inadequate 
reasons 

valid reas^^^ 



^ >^ >* >* 

C3 cac3 cac3C3a]S) 

< << <<< QtSi 

w w cn w w CO ;3 3 



»— fN m 

>4 >4 >4 >« 

e3 S3 o] a a 

cu cu o o e 

.3 .3. P_ O __0 



>4 

© 
a 



0 


0 


5 


9 


1 


18 


0 


d 


1 


6 


2 


4 


2 


8 


0 


14 


23 


21 


7 


16 


1 1 


13 


12 


13 


'lO 


12 


13 


13 


36 


22 


8 


5 


28 


2 


25 


23 


23 


17 


24 


20 


21 


15 



failure 



aids / in te ryen ing 
numbers used 

done mentally 



On the basis of Table 3, the following can be observed t 

U In the case of tr^uisitive reasbhihg and conservation 
observed one-one correspondence nearly all the pupils h^^ 
attained the level of raiid explanation. A binomial te^^ 
indicated that a sipiificant (p<.01) and hi^iy si^ifica^/^ 
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(p<.001) develbpmeiit had occurT?ed bri taisks LTR1 arid LTR3 within 
the span of a yisar (of. iCiea:^to 19833? also see Keranto 1981, 
198365 Siegei 1958). 

2. Conservation jiklgeinalts relating to l^igf^i were stiii cieariy 
at a developmental stage, A binomial test showed a significant 
aid fair3y si^ificant development oh tasks ILC1 and ELC1 within 
the span of a year (of. Kerahto 1983a). 

3. Piagetian maitiple correspondence tasks were performed 
successfully from the point of view of accuracy by aliaost 100 % 
of the pupils. This result is bbhsistent with that obtained in a 
doctoral dissertation directed by the author (Toivonen & 
Tuomi 1984). 

4. Ac5curacy of perfornance on number-listing by certain inter- 
vals revealed the following scale of difficulty: SABSi— SABY2— 
SABY5— SABY3~SABY4— SABYS. This correspohdij to the order ob- 
served in the fall tenn of ^9Q2f but differs from the spring 
1983 order vd.th respect of SABY3 and SABY4 (cf. Keranto 
1983a, 1983b). UPBY and DOBY frequencies are stmil^ to those 
obtained in spring 1983 (Keraoitb 1983b). In other words these 
skills showed no nbticjeable improveneht in the interval between 
the spring and fall mfjMurements 1933. This was also observed in 
binomial tests. In the esse of SABY skills, however, k statts- 
ticaiiy significant advance seen to have o^>irred during the 
same period in the ability to list numbers in intervals of three 
and five (tasks S^Y3 and SABY5). 



tesults- P e rtai ning-tg tlie^Second 43ue3t^ 

ThG second question is elucidated with the help of the regres- 
sicw models presented below which were derived from stepwise 
selective regression analyses (the level of significance at 
l^t 5 % wit^ botli t-values ind F T^ues). 
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The bbrrelatldi matrix used in the regression analysis appears 
in Appendix 10« 

TABLE 4. Regr-^siors ftodeis of the MOLTI,^^AD and PARD 

Variables, where the Predictors are Piagetian, 
IPC and Number-tistihg Sk'. ll Variables (N=36)^ 
Coefficients are Values. 



object 


predictors TR,EC,LC,MCP = PIA 


R (?) 


MOtTI 2 


: 0.38 LC 


1 't 


NEAD z 


: 0.38 ISP 


14 


PARD = 


0.35 LC 


12 




predictors PIA,S>e,SABY,tJPBY,DOBy 




MOLTI = 


0.60 SABY 0.38 UPBY 


72 


MEAD = 


0.49 SABY + 0.43 UPBY 


P2 


PARD = 


0.37 SABY + 0.34 DQBY 


i?0 




(SABY , UPBY , DOBY) =SEQ 






predictoi»s PIA,IPC,SEC3,^iM,PA^ 




MULTl = 


0.37 NEAD + 0.38 SABY + 0.25 WBY 


77 




predictors P]:A,iPC,SEQ,MULTI>PARD 






0.53 MOLTI + 0.42 PAF© 


Tij 




predictors PIA, XPC^SEQ^MULTI, MEAD 




PAF© = 


0.76 MEAD 


58 



The naih pbihto to be observed from the above are: 

1. The predictive power of Piagetian variables with regard to 
multiplication and division variables is relatively low; this is 
consistent with logical analysis. 
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2. Ntmiber-listing skills represents! a highly siffiificant pre- 
dictor of the deviation of multiplicatioh and division vari- 
ables; again this is consistent with logical analysis. 

3. IPC cx>uld be omitted tvocx the models: most of the pu^iils were 
at the tliree^bit level. 

U. The above results were in keeping with the explanatory models 
presented in the two earlier stages of the longitudinal study 
cohcerrxihg the relative explanatory power of Piagetiari variables 
and number-listing skill variables as predictors of the variance 
found with addition and subtraction variables, the best predic- 
tors being number-listing skill variables (cf. Keranto 
1983a, 1983b, 1984). 

The figure below illustrates on the '^macro-level" how Piagetian 
variables relate to multiplication and division variables: 



SEQ^ 



.44;T36 



ipc 



PIftGET .38? .30 



C?*08rr^- -_DIV 



ipc ' * seq 



v^.45; .38 



ipc 



► 18 



.79;.74p,^;.75,p^;.72p^^^^p-;.43_„ 



se<^ 
•83;. 79 

N - 



' ^^°ipc' '^^pia, ipc 



FICTRE 1 . A Model of Dependency Relationships of the Sum 

Variables PIAGETj SEQ^ MULTI and DIV, wherb 
.pia, •ipcy .seq Indicate that the Variables 
PIAGST , IPC and SEQ are Constants . 
PIAGCT=TR+ECi-EGi-Le4HX); SEQ=SABY+UPBY+DOBYj 
DIV=MEAD4.PARD (N=36). 
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The figure shows that the cdnnectibn of Piagetiin abilities to 
CBoltipiicatian and division skills comes via number-listing 
skills. Another point is ttet making "IPG abilities" constant is 
of little significance as regards the relationship of htmber- 
listing skills with multiplicatidn and division skills. It is 
also noticeable that muitipltCTtion and divisicsi skills are 
significantly correlated when the SEQ son variable is the con- 
stant. 

The results sui^est that the use of Piagetian tasks logically 
relatihg to multiplicsaticn and divisiro skills in the training 
of these skills is hii^y problematic. Although positive sta- 
tistically significant correlations are observed between 
Piagetian variables and Saltiplication and division skills vari- 
ables, this does hot neceaaarily mean that Piagetian abilities 
are prerequisites for the solving of the elanehtary multipULcxa- 
tibn and division tasks concerned. A similar indication is given 
by the results of a study on this jarticular question directed 
by the author (Toivoheh <£ Tubmi 1984). 

As regard*^ the relationship between IPC abilities and multi- 
plication and division skillis^ there is at least a fairly sig- 
nificant correlation between the IPC variable and the MULTI and 
variables i The r^son that correlations did not turn out to 
be any higher than this may well be that most children were 
alrieady oh at least the thjree-bit leavel; only focS* were on the 
two-bit level. In other words most of the children were able to 
retaiih threa numbers tn mwory vrtiile at the same time grouping 
15 blocks randomly arr^ged into groups of threes Logically this 
amount of memory caf^city bugit to be. sufficient for the infor- 
nation required by MULTI, MEAD and PARD tasks to be retained in 
memory during processing. This and the conterit^ependent nature 
of the IPC measure sup-e reflected in the results (cf . Keranto 
1983a, 1983b, 1984). 
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Results Pertaining to the third Qaestton 



Ah answer to the question of the ei^&it to which multiplication 
arid division skills develop during the second year of school can 
be presQited with the help of the following tables: 

TABLE 5. The Development of Multiplication During the Second 
School rear (N=36) 



spring 1984 



fail 1983 



level a) 


b) 


_ _c) 


a) 


5 


f 




6) 


0 




^ <10 1 


c) 


d 


0 


2 



Binomisd. test 
p<.001»*» 



TABLE 6. The Develofxnent of Divisicai During the Second 
School Year (N=36) 

spring 1984 

level_a5 M ci_ b) c) 

a) 

fall 1984 b) 
c) 

measuranent partitive 
division division 

The tables show that during the second school year (pupils aged 
8-9) there is a highly significant development in the direction 
of mental prbcisssihg in multiplication and division skills 
(p<b.001). In the case of multiplication, there appears to be a 
clear development from level a) (long processes based on exter- 
nal aids) via b) (abbreviated processes based <xx the more deman- 
ding humber-llstirig skills) to level c) (knowledge or derived 
knowledge). As re^rds division tasks, however, the typical 
development of processes is more probionatic and requires fur- 
ther investigation, 
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6 


iT 


*»»13j 


Binomial 


0 


1 




test 


. 0 


1 


2 


p<.001*** 
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"Listing in certain intervals" skills develop as a rule through 
the following stages: 

a) the child is unable to continue the ntsnber sequence; 

b) the child lists the Intervening nun&era in his mind, 
silently; 

c) the diild is able to list in certain intervals without 
listing the intervening numbers. 



With rererence to these levels of skill and to performance on 
the different listing tasks it ms possible to chart the levels 
of ability among the pupils as shovm in the following figure: 



Task: 

(10,20...) (5,10...) (2,4,6...) (3,6,,.) (4,8...) (6,12...) 




FIGURE 2. The Solution Profiles on "Listing in Certain 

Intervals" Tasks, Measured in Spring 1984 (N=36) 

This cross-sectional examination indicates that "listing in 
certain intervals" skills develop in a certain order; arid indeed 
in the longitudinal study as a T^ote it is evident that 
individual developing processes do follow this line of 
development, 
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question of the hierarchical nature and ihter<x)rvespbhdehces 
of ratio^ fraction and partitive division tests was examined 
with the help of the scales used by Guttman (Guttman 1944; 
Keranto 1983a, 68-71). Table 7 shows the extent of hierarchy 
in the RATIO test, lists the solution frequencies and gives a 
description of the perromahce at each "level". 

In the table the RATIO test can be seen to possess a complete 
hierarchy in the full sense of the word. The reconinehded crite- 
rion values would "memely" be CR = 6,96, MMR < 6.80 amd PPR > 
0.70 (of. Keranto 1983a; Moelting 1980a; White & Saltz 1957). in 
addition there is a clear decn^se pea^fbrnahce as Jife nbve from 
the "intuitive level" tasks to tasks cbi the "low caricrete dpisra- 
tidns level", and from there to the "high concrete operations 
level" tasks. Tasks on the "formal operations level" were as 
expected, too difficult for the second- grade fwpils. The result 
obtained is cbhsisteht with those in Mbeltihg's expisrimisnts, and 
the order of difficulty corresponds largely with the order 
Moelting has presented. Slight differences were observed within 
each sub-level (cf. Nbelting 1980a*228). Similar results were 
obtained in anothisr study carried out undei* the supervision of 
the author (Nurrai, Reinikka & Tiira 1984). 
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TABLE 7. Onler of Diff icuity of Ite^ in the RftTiO Test and 
Cla3sificatich of Level (N=36); Hierarct^ figures GR, 
Mffl and PPR 



"Level" Item Combini Freq. Description 















lew 


2 


U:1 


1:4 


36 


succeeds by 


intuitive 




3:1 


2:2 


36 


comparing first 


average 


3 


- - 
1:1 


- - 
1 :2 


36 


or second terras 


intuitive 






















difference vs. 


high 


5 


2:1 


3:3 


35 


stiSiarity 


intuitive 


8 


2:2 


3:4 


32 





low ooncr. 


6 


1:1 


2:2 


20 


Equivalence class 


bperatibhs 


7 


2:2 


3:3 


20 


1:1 "ri^t" 


hi^ concr. 


9 


1:2 


2:4 


4 


"whatever" equiv- 


operations 


10 


4:2 


2:1 


3 


alence class 


formal 


11 


2:3 


1:2 


1 


one or other set 


operations 


12 


2:1 


4:3 


0 


of tertns multiple 




13 


2:1 


3:2 


0 






1U 


2:3 


1:2 


0 


conversions 




15 


6:3 


5:2 


0 


necessary - 




15 


3:2 


4:3 


0 


operations on 




17 


5:2 


7:3 


0 


operations 




18 


3:5 


5:8 


0 






19 


5:7 


3:5 


0 




CR 


1.00, 


mi = 


0.70 and 


PPR = 


1.00 



Cbrabin. = cOTibinatton; Freq. = solution frequeny 

is 
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the following table presents the mental solution frequencies oh 
the FRACT test, together with description of performance 
processes arid hierarchy" values • 



TABLES. Order of Difficulty of Items in the FRACT Test, 
"Level" and Descriptiai of Process, Hierarcl^ Values 
CR, im and PR (N=355 



"Level" 


ItQD 


Combin. 


Freq, 


Description 


intuitive 


2 


i\/5 


1/5 


35 


succeeds by cdcE?>aririg 




n 


3/^ 


2/4 


34 


number C3f "eatables" 




5 


2/3 


3/5 


Id? 


uhderstahds inverse 


?? 


3 


1/2 


1/3 


8 


rel.bf size 5 number 


concrete 


6 


1/2 


2/4 


8 


comparison to half 


operations 


7 


2/4 


3/7 


5 


with mentsd picture 












- of parts 




3 


2/4 


3/7 


5 






9 


1/3 


2/6 


5 


comparison to thirds 




10 


4/6 


2/3 


5 


mental picture 


formal 


11 


2/5 


1/3 


0 


conversion skills 


opeafatibns 










needed 




19 


5/12 


3/8 


0 




Items 2-10: 


CR = 


0.91, If^ = 


0.88, PPR = 0,40 


Iteius 2^U^5^7^9, 


10: CR = 


0.96^ N«R = 


0.88^ PPR = 0.67 
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Table 8 shows ttiat there was clearly a le^r^ -A^ll-def lned hier- 
archy on the FRACT test than on the RATIO :3st. The extent of 
hierarchy sihd intercbrrespdhdehce among perforronces incr^ses 
if only items 2,4,6,7,9 and 10 are considered. The FRACT tasks 
on the "formal operations level" were, as expected, altogether 
too difficulty as on the RATIO test, fii contrast with the RATIO 
test, the FRACT test 'hierarchy" was nade somewhat problenatic 
by items 3, 5 and 8. Logically items 5 and 8 should be solved 
via oon^arison vd.th a half. Thus item 5 should teve occupied a 
place after^ hot before, items 5 and 7 on the scale of difficul- 
ty. Othisrwise the scale of difficulty observed seems to be what 
would logically be expected. 

From the point of view of rational task analysis, the RATIO and 
FRACT tests h'ave only a partial hierarchical correspondence 
where the number correspondences used are a:b & ctd vs. a/a + b 
& c/c + d. The correlatiOT between the RATIO and FRACT variables 
of 0.45** suggests that in the mind of the second-grade pupil 
the schones involved iri the understanding of ratio and fractions 
are not yet well co-ordinated. In otHer wrds the suggestion is 
that these contents are quite independent of each other without 
sharing any "umbre" la scheme" which would enable free movement 
between models. Similar results were obtained in connection with 
the FRAc;T test in the study already referred to (Nurmi et al. 
1984). 

The results in connection with the PART test are similarly 
presented below with the help of T^ble 9: 
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TABLE 9. Order of Difficulty an the PART Test and Description 
of Perfonnahce Levels. Hierarchy Values CR, Ml© and 
PR (N=36) 



Level 


xzeni 


Cdmbln. 


creq» 


uescr j-puj-uEi 


intuitive 


2 


15:3 


12:3 


35 


suc(^ed3 without 


1-20 


3 


12:6 


12:4 


35 


multiplication 












and division 




5 


36:4 


32:4 


34 


calculations 


20-100 


5 


U2:7 


49:7 


34 






n 


25:5 


20:5 


33 




cMcrete 


8 


9:3 


8:3 


24 


mental 


operations 


7 


1J:2 


6:3 


23 


balculatidns 












needed 




19 


24:6 


28:7 


21 


or use of 


20-100 


12 


27:3 


28:4 


21 


"chocolaite bar" 




9 


16:4 


18:6 


20 


models 




13 


1J8:6 


40:5 


20 






1U 


35:7 


32:8 


19 






15 


45:9 


42:7 


18 






11 


30:5 


36:6 


17 





CRsO.gS, NMR = 0.75 and PPR = 0.35 



A^in the table shows high values for degree of hierarcl^. The 
order of difficulty for PART items can be considered "perfect". 
The correlations of the PART sum variables with the RATIO and 
FRACT variables were 6.37* and 0.47* respectively. This again 
indicates their "independence" in the pupil's mind at this 
stage. Results in the other study referred to (Niinni et al 1984) 
were similar. 
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Restalts Pertaining to the Fifth Question 

On the question of how Piagetian abilities, memory capacity, 
raaDber-listing sPcills and nultiplicatioh and divisicxi skills 
interrelate with proportional rrasoning^ the following seeks to 
provide an ahswesr with the help of reg^ssion models and partial 
correlation models (see also App. 11?. 

TABLE Id. The RegressiOT Models of RATIO, FRACT and PARD* 
Predictors PIACET, IPG, SEQ Variables and MULTI, 
MEAD and PARD Variables ^^=36) 



object 


predictors TR, EC, LC, MCP = PIA 


R (%) 


RATIO ; 


= ho significant predictors 




FRACT : 


= 0.37 MCP 


14 


PART 


= 0.47 tC + 0.38 MCP 


53 


object : 


= predictors SABY, UPBY, DQBY = SEQ 




RATIO : 


= 0.34 SABY 


12 


FRACT : 


= 0.50 SABY 


25 


PARD : 


: 0.51 SABY 


26 


object 


predictors MULTI, ?«ID, PAi® = MUL 




RATIO = 


: 0.47 NWLTI 


22 


raACT = 


: 0.51 MULTI 


26 


PART = 


: 0.60 r^TI 


36 


object = 


► predictors PIA, IPC, SEQ, MUL 




RATIO = 


' 0.47 MULTI 


22 


FRACT = 


: 0.51 MK-TI 


26 


PART = 


0.36 LC + Q.36 MULTI + 0.31 MC^ 
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The best single predictor proved to be the MULTI variable re- 
lating multiplication skills. It is logical that number-listing 
variables and multiplicaticwi and divisiai variables best predict 
proportional reasoning in the case of partitive division con- 
tents (the PART variable); their predictive power in respect of 
proportional reasoning is weakest in the case of ratio contents, 
Piaget variables as predictors '^behave" similarly. With the PART 
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variable tn particular, Piagettan variables were high pre- 
dictors. It is worth noting that the Piagetian tasks in this 
study relate logicjally to multiplication and division skills and 
hot directly to ratio contents. This is aiqjiriually shown iii tlie 
fact that there were no significant predictors of the RATIO 
variable among the Piagetian variables. It is a mtter for 
further research to show how and to what extent Piaget's tasks 
measuring the uhderstaridihg of probability relate to the RATIO 
test. Logically these may be expected to show a close empirical 
relationship (see e.g. Chapman 1975, Falk et al. 1980, Piaget & 
Ihhelder 1951). 



The above results are naturally enough reflected in and 
complen»nted the partial correlation model which follows. 




FIS^JFE 3. A Model of the Dependency Relationships of the Sum 
Variables RATIO, FRACT, PART and DIV = MEAD 4- PARDj 
Subscripts Indicate the Variables PIA, IPC, SEQ 
and MULTI Taken as Constant. 
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The first thing that is stfikirig in the above is that the 
relationship of division skills with proportional reasoning in 
ratio^ fraction and partitive division cjontents are explained 
via the MULTI sum variable. Secondly^ it is notable that sore of 
the relationships between RATIO variables arid FRACT arid PART 
variables are explained via the PIA(^ s TR + EC + LC + sum 
variable. Thirdly^ it is noticjeable that the irttercorrelations 
between the variables in the model are relatively little 
affected by the IPC variable (cf. App. 11). 
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APPENDIX 1, Tests Used to Measure Number Listing Skills and 
^^iitiplicatioh and Division Skills. 



SftBYl Continue csounting in tens: 10,20^;.; 

SifflY2 Gontinue cbuntlhg in twos: 2^4^5^... 

SABY3 Continue cxjuhtihg in threes: 3|6,... 

SABY4 Continue counting in fours: 4,8, 

SftBY5 Continue counbting in fives: 5,10,--- 

SASyB Continue counting in sixes: 6>12^... 

UPBY 

Practice 1 Count up from 5 by 2 numbers: 5^7- 

UPBY 1 and 2 Count up from 6 by 5 numbers; by 8 numbers 

UPBY 3 and 4 Count up from 14" by 5 numbers; by 8 nanbers 

DQBY ' 

Practice 2 Count down frcwi 7 by 2 numbers: 6,5 
DOBY 1 and 2 * CdUrlt down fraa 9 by 5 numbers; by 8 
DCBY 3 and 4 Count down from 14 by 5 numbers; iiy 8 

On the following tasks (UNIFIX) counting blocks ara available 
for use; pupilsare urged to make use of these if they cannot 
solve the task menta lly. 

On the raultiplioidon tasks MULTI1-5 the blocks (20) are 
randomly arranged in a box» 

On the division tasks the blocks are laid out on the table in 
the number indicated by the dividend. 

MULTI I There are 4 children. Each child picks 2 apples. How 
jTrm:/ apples did thay pick altogether? 

MiJADI You use 4 huts to fix a wheel to a car. How raciny wheels 
can you fix to a car with 8 huts? 

ViEkhZ There are 12 winter tyres in the garage. How ri^'iny cars 
C3an be fitted with winter tyr'ea? *4 tyres go on one cr.r. 
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PftJ©1 There are 8 strawberries. These are shared oat eqcaiiy 
to 4 cshildren. How many does eaoh child get? 



MULTI2 New tyres are bought for 3 cars- How nany tyres are 
needed altogether? 

PARD2 There are 10 sweets. These are shared out equally 
betweoi 2 children. How nany does each child get? 

PARD3 There are 12 applies. These are shared out equally 
between 4 Ghildr«i. How many does each child get? 

MEAD3 There are aome hens in a hen-pen. Altogether they have 
10 feet. How many hens are there sLLtogether? Hens have two feet. 

MtJbTiS There are 3 children. Each ^ild collects 5 moshrooms. 
How many do they collect altbgeth^? 

MEAD 4 A hook is screwed to the wall with 3 screws. How mny 
hooks can be screwed to the rail with 12 screws? 

PARD4 There are 12 sweets. These are shared out equally 
between 3 children. How many does each child get? 

MEAD5 A radio needs 5 batteries. How many radios is 15 
batteries enough for? 

PARD5 There are 15 pictures. These are shared out equally 
between 5 children. How nahy does each child get? 

MULTI4 There are 3 children. Each child boys 6 stamps. How many 
do they buQr altogether? 



MEAS6 A torch takes 6 batteries. How many torches is 18 
batteries enou^ for? 

PARD6 There are 18 sweets. These are shared out equally 
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between 3 children. How many does eadti child get? 



MULTI5 There are 5 childresh. Each child picks 2 apples. How 
many apples do they pick altogether? 

AFPEtJBIX Z.z The Piagetian Abilities treasure. 

LTRI Three (Caisenaire) rods of equal length are used. The 
child sees that A=B and E^^C; is then asked: Is A longer^ 
shorter, or the same laigth C? The child does not see A and C 
at the same time. 

tTR2 As for LTRI except with (10-hlock) strings of UNIFIX 
blocks. 

A piece of wire is needed ^ aSc«\; tG cm in length. 
ILC1 If you bend this wir;, ;fill it be shorter? 

jLC2 The wire is bent thtis: " | la the wire how shorter j 

longer, or the same length? 

In addition to the wire, a piece of string of the same length is 
heeded. The pupil may coDpare and see they are the same length. 
ELC1 If one of these is bent, will it be shorter than the 
other? 

ELC2 Analogous with ILC2 

10 papisr cups are randomly arr^iged cai the table, together with 
one large glass jar and blue, whiter yellow and red IJNiFIX 
blocks in random groups of 15. the child is instructed to take 
from the blue group one block for each cup. After this the 
superfluous blacks are ronoved from the table. 
El Are there now as marry blue blocks as cups? 
EC1 ITow «i^ty the cups into the glass jar. Are there still as 
many blue blocks as there are cups? 

The same procedures are repeated with white blocks fbr tasks E2 
and EC2. 

CTR1 Now compa^>e the blue and white blocks in the glass Jar. 
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Are there more blue biocte tten white, less, or the same number? 
MCP2 Let's imagine that you put the blocks in the jar back 
into the paper cups so that there's the same number of blocks in 
edLdti cup- How nany blocks would there then be in each csup? 
The above procedures are repeated with yellow blocks for tasks 
E3 and EC3. 

crR2 Now ccmpare the blue and yellow blocks in the glass jar. 
Question 23 in CTRn 

Ha?2 Now imagine ttmt you put the blocks in the jar feck into 
the paper cupis so that there's the same number in each cup. 
Question as iti MCP1. 

The procedures are a^in repeated with the red blocks. 
This time only taks E4 and VtP3 are given. 
LTR3 As for LTR1 except that tow A<B and B<C 
LTH4 As for LTR2 exi3ept that how A<B and B<C 

Nb, Aft-or each task the child is asked Why? 

APPENDIX 3>T he M^isure of Proportional Reasoning in Ratio and 
Fraction Contents. 

The "juice" test (understanding of the idea of ratio) or RATIO 
test: 

The basic question alvraiys presented is: which of the jugs 
contains the sweeter juice (or the juice tasting more of 
orange) i or does the juice in each jug taste the same? The 
visuals are shown in Appendix 5. The juice:water ratios are as 
follows: 



RATI01 


2:0 


- 1:1 














RATI02 


4:1 


- 1:4 


RATIOS 


1:1 


- 1:2 


RATI04 


3:1 


- 2:2 


HATICS 


2:1 


- 3:3 


RATIOS 


1:1 


- 2:2 


RATIO? 


2:2 


- 3:3 


RATiea 


2:2 


- 3j4 


RATI09 


1:2 


2:4 


RATIOm 


4:2 


- 2:1 


RATI011 


2:3 


- 1:2 


RATIO 12 


2:1 


- 4:3 


RATIOI3 


2:1 


- 3:2 


RATIOm 


2:3 


- 3:4 


RATI015 


6:3 


- 5:2 


RATiOie 


3:2 


- 4:3 
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RATI017 5:2 - 7:3 RATIOlB 3:5 - 5:8 RAti019 5:7 - 3:5 

The "cake" test tijuiderstanding of the fraction idea) or FRACT 
test: 

The basic question presalted throughout is: who tes got tipre to 
eat, or hSLve they both the same? k practioe question is given 
comparing a whole cake and half a cake. After each mental 
atteanqjt at a question the pupil tries the task with the help of 
pictures. 



FRftCTS 


4/5 


- 1/5 


FRAeT3 


1/2 


- 1/3 


FRACr$ 


3/4 - 


2/4 


FRACT5 


2/3 


- 3/5 


FRACT5 


1/2 


- 2/4 


FRACT7 


2/4 - 


3/5 


FRACrS 


2/'4 


- 3/7 


FRACrg 


1/3 


- 2/6 


FRACriO 


4/5 - 


2/3 


FRACril 


2/5 


- 1/3 


FRftCT12 


2/3 


- 4/7 


FRACri3 


2/3 - 


3/5 


FRftCri4 


2/5 


3/7 


FMeri5 


6/9 


- 5/7 


FMcri6 


3/5 - 


4/7 


FRACm7 




- 7/10 


FflACriS 


3/8 


- 5/13 


FMcrig 


5/12 - 


- 3/8 



In connection the taeSt?;! attempts on the casks FHACT2-19 
the numerical information was presented as follows: e.g. FRACr2: 
take 4 of the 5 parts and take 1 of the 5 parts. In addition the 
pupil is asked at the beginning of each task to say by himself 
how nanv equal parts the cake is divided into and how many parts 
are to be taken Jhe visuals are of the type shown InAppehdix 5. 



MB. Af ter each RATIO and FRACT task the child is asked Why?, in 
other words has to explain and Justify his answer. 

ftPPSNDIX 4. 

The M«iiory Capacity Measure. 



For the following tasks you get ail the numbers to be remembered 
in advance. Always repeat the numbers I give you at the 
beginning. After that group these blocks (15 in random array) 
into groups of three. When you have finished say the numbers I 
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gave to you at the start in the same order. Let's practise. To 
begin with group these blocks into threes. (After this tlie 
numbers 5 and 3 are given.) Repeat then numbers. Try and 
remember them now whilst you do the grouping yot2 have learnt. 
(When tlie pupil has finished grouping^ the pupil is asked to say 
the nxxspers again - if he does not already volunteer them.) 



IPC1 9^15 IPC2 15,8 IPCS 14,17 

IPCS 18,11 Sc6 9,14,5 Scr 8^10^12 

^09 11,9,7 IPC10 12,18,13 n>C11 

IPC12 6,9,12,14 IPei3 10,16,14,8 S»G14 

IPC15 12,6,9*17 



IPC4 12,17 
IPCS 8,17,13 
7,5,18,14 
11,16,13,18 



The Measure of Proportional Reasoning in Partitive Division 
Cbhtehts. 

Tha "chocolate" test (understanding the idea of sharing) or PART 
tests 

The basic iquestion preseritiad tllrdughout is: who gets more (the 
boys or the girls) or do the? get the same? It is emphasized and 
explained ttiat it is a question of v^ether there are more/less 
pieces per boy or per girl. 



PARTI 


is a 


practise 


item: 2 girls ; 


get 2 


2 pieces. 










PART2 


15:3 


- 12:3 


PARTS 


12:6 


- 12:4 


PART4 


25:5 


- 20:5 


PART5 


36:4 


- 32:4 


PART6 


42:7 


- 49:7 


PART7 


4:2 


- 6:3 


PARTS 


9:3 


- 3:2 


PART9 


16:4 


- 18:6 


PARTI 0 


24:6 


- 28:7 


PART11 


30:5 


- 36:6 


PART12 


27s3 


- 28:4 


PART13 


48:6 


- 40:5 


PART14 


35:7 


- 32:3 


PARTI 5 


45:9 


- 42:7 



pieces and 1 boy 



-On tasks PART2-8 the picture was shown only after a mental 
attempt. On the remaining tasks the picture was present 
throughout. 
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AFPENDXX-^ Visual material used On task PART9 
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APPENDIX 8. CbrreiatlOTs Betwe®! ttie Variables Relating to 
Multiplication and division Skills MULTI1-5, 
SEAD1-6 and PARD1-6 (Nr36). 





MEAD! 








MEflDS 






i 


PARD3 
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1 




42 


42 


46 


58 


51 


36 


65 


37 
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30 


19 


47 


MULTI2 


52 


38 


39 


41 


67 


44 


44 


38 


41 


22 


23 


29 
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58 


52 
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55 


51 


48 


48 


41 


45 


27 


58 


39 


MULTIU 


67 


29 


63 


47 


55 


34 


46 


54 


27 


03 


27 


24 


MULTi5 


52 


47 


65 


50 


56 


41 


46 


34 


48 


48 


30 


51 
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68 


39 


40 


23 


46 


27 


yE^2 
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28 


72 


54 


55 


50 


MEAD3 














42 


35 


24 


35 


41- 


30 


MEAD4 














63 


32 


55 


41 


54 


46 


MEAK 














55 


42 


40 


41 


29 


47 
















52 


31 


42 


48 


21 


47 
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APPENDIX 9* The "Inner" Correlations of the Co^nrnt VarieDle?:-. 

of the Sum Variables TR, EC, LC, MCP, f v '^::, 
UPBY^ DCBY^ MOLTI, mPJ) and PARD. 





CTR2 




LT^2 


LTR3 


LTR4 




CTR1 


87 


5? 


59 


59 


59 


ILC1 


CTR2 




no 


it6 


^6 


46 




LTRI 






100 


100 


100 


ELC1 


LTR2 








100 


100 




LTR3 










100 















MCP-a— MCP-3^ 



MEP1 
MCP2 
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72 
100 



Eei 

EC2 



IL52 


Htei 




66 


35 


71 




76 


87 






86 


EC2 


Ee3 




85 


85 






100 







SABYl 


SftHYU 


SABY5 


SABY6 






HPBY2 


0PBY3 


tJPBYii 


SABY2 


50 


50 


41 


46 


UPBY1 


88 


54 


35 






79 


26 


57 


UPBY2 




711 


39 


SABY4 






37 


55 


UPBY3 






51 


SABY5 








38 














MULTI2 ^?!.ILT^3 MULTIit MULTI5 






b6BY2 


DOBYS 


b6BY4 


M0LTI1 


58 


49 


51 


66 


D0BY1 


50 


66 


56 


M0tTI2 




47 


54 


51 


IXEY2 




38 


61 


MULTIS 






40 


47 


D0BY3 






65 


MULTI4 


1 — 






67 














MEAD2 


MEADS 


MEAD4 


MEAD5 


MEAD5 










MEAD1 


50 


58 


54 


45 


32 














41 


65 


50 


53 










MEftD3 






66 


54 


26 










MEAD4 








52 


35 










ffiAD5 
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APPENDIX 9, (cont.) 





PAHD2 


PARD3 


PAflD4 


PATOS 


PARK 




39 


57 


23 


30 


43 






21 


07 


18 


13 


»PARD3 






44 


45 


49 


PAHDtt 








25 


43 


PftiffiS 
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APPENDIX 10, Intercorrelations of the Sum Variablea SABY, UTOY, 
DOBY, MUtTI, MEAD, PARD, MCP, CTR, LTR, 
TR, LC, EC, IPC and a Chronologicai Age 
Variable AOS (N=36). 





OPBY DOBY MEJtTl ^EftD PARD MCP 


CTR 


LTR 


TR 


LC 


EC 


IPC AGE 


SABY 


48 54 78 70 55 35 


15 


33 


28 


27 


25 


51 05 


UPBY 


C6 61 67 51 20 


37 


30 


37 


25 




23 -05 


DCBY 


70 65 55 21 


41 


31 


40 
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39 


21 -03 


MULTI 


80 55 31 


32 
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36 
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34 


38 07 
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23 
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Pftfffl 


23 


13 
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35 


15 
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27 


02 


15 


46 


36 


48 -06 
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57 


86 


54 


78 
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LTR 
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44 


75 
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86 
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LC 
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EC 














17 17 
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APPaiDK 11, The eorrelations of the Sxm Variables SABY, OPBY, 
DOBY, MULTI, MEAD, PARD, MCP^ TR, LC^ EC^ 
IPC and the Variable AGE with the Sum 
Variables RATIO, FRACT and PARI? (N=:36) . 
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APPENDIX ^^. (cont,) 

Hierarchy Values^ Order of Difficulty and Solution Frequencies 
on the IPC Test 



Item 


Combination 


Solution Srequency 


1 


9»15 


35 


2 


15,8 


35 


3 


14,17 


36 
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12,17 


36 


5 


18,11 


36 


9 


11,9,7 


36 


7 


8,10,12 


35 
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9,14,5 


33 


12 


6,9,12,15 


30 


10 


12,18,13 


29 


8 


3,17,13 


28 


13 


10^15,14,8 


22 


11 


7,5,18,14 


21 


14 


11,16,13,18 


15 


15 


12,5,9,17 


14 



eR= 0.90, = 0.74 Ja PPR = o.62 
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COMPUTER ANALYSIS OF COGNITIVE PROCESSES IN PROBLEM SOLVING 
Oie BjBrkqvist 



INTRODUCTION 

During the last 15 years theory and research about thinking have 
acquired a richness iri details that previously simply was not 
there. This development towards sophistication coincides with 
the emergence of the cocnputer as a general research tool. 
Indeed^ in the information processing parad the oo-dputer 
analogy of the brairi plays a prominent part. 

Tlie interest in the cognitive processes of students in schools 
is cbhhected with this prihciplis of individualizatibh of 
education. With detailed knowledge of thought processes it is 
assumed that a matching of teaching methods and learning 
characteristics is fXDssible. 

Iri nathenatics, the traditional aimlysis of cognitive processes 
is an indirect one. The object is the product - the calculations 
written down on a i»per, or something equivalent. More direct 
methods involve the use of interviews or "thinking IbUd" while 
solving problens. The tape recorder and the video tape recorder 
provide means of repeating the sequence for later detailed 
analysis. 

The microcomputer now takes this evolution oi methodoiogy one 
step further i Besides being a widely used instructional tool, it 
can also bo used as a powerful research instrument . The 
requirements include program routines that store each depression 
of a key into a protocol mexaory of sufficient size and 
preferably a possibility of recording the time elapsed between 
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stUGcessive key depressions. The later* is used if the time 
variable is of interest, for instance if the v^^rious stages of 
solution are of unequal difficulty to a sti^^s^nt. 
There are limitations, of courae. Only oertaiTi kinds of prbblan 
solving episodes can be investigated - prinarily those in t^ich 
the presentation of the prbblan and all the work is done on the 
cbmputei'. If the prbblan involves paper wrk^ the products are 
of a traditional type arid cannot be intiiediately included in the 
computer analysis* 

A great advantage of the computer is the fact that mhy of the 
responses can be classified autonsatically, and if statistics or 
calculations based on the classifications are needed, the 
results can be printed but inmediateiy after the problCT 
session. In other cases a classifioatibh cannot be made in 
advance. Then the printout can be scanned for j^ttems and the 
research itself :)f explbratbry type. 

Since the problem sess^ion is virttially soundless, • the 
microcomputer allows the resear^ on cognitive processes to be 
takeai from the .ilihical laboratories into the classrooms. This 
is a welccwne developnient, as the value of clinical results has 
alleys been at least sois^ "hat in question. It can be argued that 
the use of the microconqjuter makes the probl«n solving: research 
artificial in a different way^ but this is not necessarily so. 
The computers are here to stay in rtathematical education, and 
vrtiether we like it or not, they af'e changing the type of 
problems that will be dealt with in schools. The changes in the 
classrbcras and the changes in research m^ithbds cbhverge an the 
same medium, tHe computer, and thus there is tope for research 
relevant to actual practice. 

A EESCRIPTION OF THE TASK 

In the research reported here, emphasis was put bri developing 
the necesssT' ■ routines for the simultaneous use of tHe 
raicrocompute: as an educational tool and a research instrument. 
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FIGU!^ 2. The Effects of some Key Depressions. 
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Being a first attrapt the work not performed in a 

ciassrocai, in a research laboratory. The subjects were upper 
secondary scnooi students. 

The subjects were giv&n a task in the form of a problCT 
presented on a iiilcrxkjoaiputer screen. To motivate the students, 
the problCT selected was an abstract; g^me based cxi a doimercial 
but not too well known electronic garo, MERLIN (reg. trade 
mark). When adapted to a iiiicax)c6inputer, it has the ad^rantage 
that it requires the me of viary few keys^ arid thus tlie 
responses are easily classified. 

The problem solver wrks with a 3 x 3 pattern of dots on the 
inonitor (Figure 1), each dot identified by one of the digits 1 - 
9f and some of thep initially lifted, ^ihile others are dark. By 
pressing tlie numerical keyi. bh the keyboard, also nt^ered 1 - 
9, the solver can change^ the parity of a pbrtibh of the dots, 
so that scare initially doark dots turn li^t, while some 
originally 3. jht dots darken. However, the action of ^ch key is 
unknown at the beginning of the game^ and the preliminary stages 
involve detection of tHeir effects. Theri is a symmetry to be 
discovered, but it is rather well disguised by the siraultahebus 
lightening and darkening going on. 

The keys corresponding to the corner dots, those numbered 1, 3, 
7f and 9, change the parity of e^ctctiy the correspond:' ng corner 
dot, but also change the parity of the three dots next to it; 
for instance, pressing key number 7 changes the parity of the 
dots nimbered 4, 5, 7, ard B (Figure 

A key cbrrespbhdihg to a side dot, those ntmbered 2, 4, 6, or 8, 
changes the parity of exactly the same side dot, but also 
changes the parity of the two other dots along the same side; 

for instance, pressing key number 6 changes the parity of the 
dots numbered 3* 5^ and 9 (Figure 2b). 
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The key numbered 5 has the special effest of changing the t^ity 
of the dots nianbered 2, 4; 5, 6, and 8 (Figure 2c). 

The object of the adapted version of the pme is to find a 
sequence of key depressions that li^ts all the dots. A 
nathQcatical aralysis of tiie game shows this ctiways to be 
possible (Gibbs 1982). For ^ch starting cbhfiguratibn there Is 
a uhiqcte bptimun sblutich which never involves more than 9 ^ey 
depressions to be perrormed in no specific order. A later 
depression of a key that has been used just nullifies the effect 
of the previous depression. Thus* each key either has to be 
touched exactly once or must hot be touched at all. However, to 
find that out, or even to develop a strategy, the solver 
generally goes through long repetitive sequences. Games of more 
than 200 key depressions are not uhusial for a beginner. 

The game is not very sensitive to the specific starting 
configuration. In fact, using a completely random strategy, the 
expected l^igth of a game varies between 511 aru 607 key 
depressions. In that sense all the (configurations that arise 
during a game are comparable to the starting position, and the 
niiber of games plajrc^d i3 less inr^.rtant for research purposes 
than the ^ <cal number of situatvons a specific subject has 
faced. 

PROCETjTJRE 

After several tryouts, the game was played by 10 hicrh-^bility 
senior secondary boys, all motivated enbu]^ to play it for up to 
two hours. Protocol materials frcm 81 games were accumulated, 
the tct^ number of positions to be analyzed nufflberirig 3411. 
This is typical of the capacity nf a computer- the enormous 
amoiSt of information that can be gathered using just a small 
number of subjects. 
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The following data were recorded by the COTputei' (ah example of 
a printout is given in Figure 3): 

1. Identifying ntenber of position in gamsi 

2. Configuration of lifted dots. 

3. Set of optimal (right) keys to press in the givei situation. 

4. Key actually chosen. 

5. Correctness of key. 

6. Parity of the dot con'espbhdihg to the key. 

7. PositicHi of the correspohdihg dot (cbrher/side/^nilddle) . 

8. Time taken to oDhtemplate sitlation. 

9. Cumulative tins, 

10, Cumulative average times per situation. 

Included were some of the variables characterizing the situation 
and asstied to influence the decision of the pr6bl«h solver* as 
well as variables describing tha response. Based oh the output ^ 
ne^4 variables were defined such as "reflectivity of thought", 
calculated as the ratio of the time taken to contanpiate a given 
situation to the average time per situation. Another secondary 
variable of interest to the analyses was the frequency with 
which a subject nullified a previous attismpt by re^jeating it. 
This would most oftoi be a repetition of a single key 
depression, but there occurred instances where up to four key 
depressions were nullified through repetition, showing that the 
3ub:«'' -ed to return to a specific configuration and restart 
^rom it. The proportion of such repetitive key depressions 
defined the variable "repetition". 



Soife variables were expected to show a correlation with 
learning, i .e. , with time on task. To investigate such 
dependence* which cibhceivably might show within the course of 
one ^une, games of n»re tHan 60 key depressions were subdivided 
intc equal parts of not more than 60 (and not le33 thaS 30) key 
depressions. The ntmber of such periods cf *;brk provided a 
prbgresf^ve measure of the interactlbh between the student and 
the computer. The periods of wrk are termed intervals in the 
rollbwihg. 
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SELECTED RESULTS 



With only 10 subjekjts, any group measures are, of course, iess 
illuminative than ihdividusil profiles and results showing 
intraindividial change * The large number of positions 
encountered by each subject makes the latter reasonably 
reliable. Tte group measureo, such as time taken to 

cbhten^'.late a situation and preferences for certain keys^ are of 
interest to show the general properties of the problem and to 
indicate psychological consequoices of its structure. 

The total effective playing time Tor the subjects varied between 
30 minutes and 139 minutes, as ^culated directly from the 
ccmputer output. However^ as tho mean time takei to cont^iate 
a situation also showed lar.ge variation, from 3.8 seconds* to 
29.5 seconds (not particularly highly correlated with the total 
playing time), the number of situatior* ' -^--ed by, each 

subject varied from only 98 to a big*-' term of 

inter^ls of wrk, the range was i, . <b» with the 

exception of two extrones at 2 and Ti*c acer the number of 
situations, the caore infornation was ^thered about the subject, 
of course. On the other hand, extrCTes in the fom of short 
total playing time or only a anall number of situations per game 
may indicate fatigue or nastery of the problem, respisctively, 
and they are thus partioulariy interesting to the study of 
ihdi' idual differences in working with a microcomputer; 

In Figure 4 it is shown why the mean time taken to ccntemplate a 
situation i sua "i^lculated from the total output for one subject, 
is less satisfactory than a graph showing the change of that 
same variable whoi the subject proceeds to ne intervals of 
work. For the three sub jiscts , the overall means were 
approximately equal, but the curves are fai^ from flat arid the 
shape of ^ch a n my be interpreted differently. 
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FitiURE 4. Average ContCTpiation .Time per Position during Pro- 
gressive Intends of Work for three Subjects. Total 
Time oh Task also Indicated. 

The 3x3 pattern of dots itself included three types of dots, 

with possibilities of preference for certain kinds, either as a 
psychological bias or a conscious strate^r. Table 1 gives the 
distribution of the keys pressed * according to their 
classificatibh as corner, side, or 5 keys. For each ^me, the 
"optinHl" keys in the starting configuration have been 
subtracted, since they were forced rather than open choices. 
With ah unbiased aelectioh of keys, the percehtages would be 
expected to be 44.4, 44.4, arid 11.1, respectivisly. Key number 
5, however, used significantly more often than one ninth of 
the time, as mi^t be anticipated from the central position of 
the number 5 dot and the special effect of the number 5 key. The 
differehces between ihdividual subjects ih the use of the corner 
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ard aide keys, e.g. between subject? 3 and 4, point toward the 
use of strategies that involve the syimetries of the pattern of 
dots. 

In the overall preference order of the kej^, no. 5 was foiiowed 
by nbs. 6 (12. 4 %)^ 2 (11.5 «), 3 (10.9 4 (10.4 %), 1 (1Q.2 
J), 8 (10.2 %)j 9 (9.3 %)f and 7 (8.9 The less frequent use 
of the keys corresponding to the third row of dots reflects a 
tehdehcy to use the hornai direction of reading, starting from 
the top, in tHe systonatic attanpts to find out the effect of 
each key. Interestingly enough, there was a significant 
preference for the ri^tmost coiiii (39.5 %) over the leftmost 
column (32.5 S). 

TftB££ 1. Distribution of Key Depressions (Percent) according to 
the Classification of the Keys. 



Sabject 


Corner 


Side 


5-ke7 


1 


38.8 


41.1 


20.1 


i 


41.2 


4JI.3 


14.4 


3 


45.7 


35.8 


13.5 




:'1.2 


58.4 


10.4 


5 


'-!-.7 


40.0 


18.3 


6 


43.6 


45.9 


9.5 


7 


42.2 


42.2 


15.6 


8 




55. n 


12.3 


9 


46.5 


38 ..c 


14.9 


id 


30.5 


^3.5 


26.0 


Total 


39.4 


44.6 


16.0 



Taming now to varidO^es that are n»r.^ albsely cbiihected with 
actual strategies of solution, the repetition of ke5 depressions 
showed an interval dependence tirpicai of learning. In Figure 5, 
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the prbpdrtibh of key repetitions for the saffle three students as 
in Figure 4 is plotted as a function of the interval of vrork. 
AH the students had at least a short period of random attCTfsts^ 
which typically included a greater prbpdrtibh of repetitions, 
during the initial play. 

As is evident from the ii^jt of primary variables (Figure 3)> the 
parity df tte ddt bbrrespdhding to a key was hypothesized to be 
ah important . - ^ its selection, this would be true during 
the period of -n ,cg -itteiipts, axii the effect would be expected 
to r^in, s- u touch of a certain key always does have ah 
effect on tte o' : .,^.pdndihg ddt, in addition to various others. 

In f^ct, the structure of the problCTi made it possible to judge 
the influence df the parity dn the chdice df key. This was sd 
because there is, oh the average, no difference in correctness 
between the two parities, even though for a specific configu- 
ration keys correspond ing to dark dots way be predominantly 
right and keys ddrrespdhdihg to li^t ddts 
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FIGURE 5. Proportion of Key Repetitions for Three Sabjectsi 
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pr^OTihahtly wrong, or vice veraa. This can be SthCTat5cal:.>r 
denwristratod via synmetry arguments. Consider .Ip^r aU .vh.; ^12 
possible oonfigumtions of dots, and the nine pbsc:'i;le '^!i;/ce3 
of for eadi conf igoration , one quarter of tlic key 

depressions are rl^t choices obrrt'Sp-*".iding to dark dots, one 
qiarter right choices cdrrespbhdih^ to light ddts^ one quarter 
wrong Voices oorresponding to dar'ic dots, and csie qlarter ri^t 
chbics^ corresponding to li^t dotsi 



However, the subjects deviated from this straight-fbrwari 
distributioi of key depressions, te escpected, chere ras ah 
overall preference for keys corresponding to dard dots, the 
percentages being 58 to U2 in favor of dark dots (Table 2). The 
key df rr^jssions oorresponding to light dots were eviahly divided 
between rii^t and wmig choices, iz accordance with prot^bility 
expectation. : Wa key depressions corresponding to dark dots, on 
the other hand, were cleai?ly more often rigjit than wrong. This 
seems to reflect a characteristic of some cbhscibus strategies 
onployed - pressing sequences of keys corresponding to dark dots 
so that the total number of dark dots is decreased. In a nuiber 
of oases the C2bhfiguratibh itself gives a clue to likely correct 
choices. The hi^ incidence of ri©it chbices cbrre?. ohdihg to 
dark dots thus is partly ah artifact of the ^rae, notably the 
last stage of it^ and partly a reflection of the characteristics 
of the successful strategies preferri<i by the players. 

Facing a configuration which is av.-:inated by light dots, the a 
priori probability of cfcosing a key oorrespbhding to a li^t 
dot nay be great enough to bvercbme the tendency to choose keys 
of the oppositr; kind. Thus there woiad be eycpeoted to exist a 
level where the im tendenSies balance each other. This w-is 
analysed by calculating the average nimber of daS< dots in the 
sitiatibns met by a subject, as a function of the kind of key 
chosen, tm results fbr the difrereht subjects are given in 
Table 3. 
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TABLE 2. Distribution of Keys Pressisd (Percent) &2cbrding to 
Parity (E = dark, F = light) and Correctness (R = 
ri^t, W = wrong). 





Subject 


m 


RW 




W 


E 


F 



1 


27.7 


27.5 


19.7 


27.2 


47.4 


52.6 


2 


30.6 


25.1 


23.3 


21.0 


53.9 


45.1 


3 . 


37.5 


19.0 


24.7 


18.8 


62.2 


37.8 


i| 


m.3 


17.7 


19.2 


18.7 


63.5 


36.5 


5 


34.1 


19.7 


22.1 


24.1 


56.2 


43.8 


6 


31.0 


24.2 


22, • 


22.7 


53.1 


46.9 


7 


40.8 


13.3 


25. t 


20.4 


66.3 


33.7 


8 


41.9 


21.8 


17 : 


18.4 


59.8 


40.2 


9 


33.2 


19.9 




18.9 


61.3 


38.7 


19 


35.0 


21.8 


5 


19.6 


58.5 


41.5 



Total 35.5 21.0 . i.6 20.8 58.2 Uj.8 



The grand average of 4^07 (statisticsti expectation 4.50) shows 
the magnitude of the teridehcy- towards play with as rahy light 
dots as possible, i.e., to eliminate the dark dots. When the key 
chosen was associated with a dark dot^ the average number of 
dark dots in the csonfiguration was 4.41 (statistical es^ctation 
5.00). The sane average wh^ the chbs^ key was associated with 
a li^ dot was 3.59 (sstatistical expectation 4.00). The last 
number shows that an average of 5i4l dots had to be lit on the 
screen for the a priori probability of choosing one of the 
cdrreSi, -.lihg keys to balance the opposite tendehcsy. In Table 3 
averages are also given for the number of dark dots when the 
cbrrectnesss of the chosen key is considered in conjuhctidn with 
its parity. 

Ag^in, it must be en^Msized that the averages for individuail 
subjects in certain cases reflect strategies adhered to. For 
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qaita a while subjedt number 1 tried to make all the dots dark. 
His hbticai (which was expressisd wheri he was interviewed 
afterwards) ves that it should be easy to light all the dots 
from that conf i gurat ion . Of course this involves an 
uhderstandihg that synihetry can be used. Table 2 shows that to 
fulfil his plan he had to press keys corresponding to light dots 
aore ofteri than keys corresponding to dark dots, being the only 
subject to do so. In Table 3> the value 4,29 (for the average 
number of dark dots in sitvatibns where a key corresponding to a 
light dot was ch'^sn" is a deviating nianber which is 
specifically r^Ie^^t tc ttat strategy. 

TABLE 3. Ar - Nianber of Dark Dots in Cdnflguration acicoz?dihg 
to Parity (E = dark, F = li^t) and eorrectness (R = 
ri^t^ W = wrong) of Key Pressed. 



Subj. i^RFWE^F R,W E FTot 



n.70 4.28 4.75 il.51 

4.31 3.94 4.55 ?.'S8 4.15 

3.74 3.58 4.03 3.08 3.67 
4.50 4.27 4.52 4.05 4.41 
4.19 3.69 4.2^^ 3.52 3-96 
3.94 3.85 4.41 3.33 3-90 
4.28 4.24 4.55 3i:70 4.27 
4.11 4»14 4.58 3.43 4.12 

3.75 3.78 4.06 3.29 3-76 
4.10 3.77 4.24 3.35 3-96 
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Tho differences between the strategi*' subjects were 

great. The same subset also would vary hi.3 at'-^wipts, e.g., 
selecting keys corresponding to side dots for a long vrtiile and 
then turning to the corner dots. The futility of some eftbrts 
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FIGURE 6. DocumenCaeion of Three Consecutive End-games 
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would Be quite obvious, and the strategy conseqaentiy abandoned 
by the student. In this respect a similarity with traditional 
problem solving iri nathenatics may be jpbirited but - when 
students do not taow vtet to do they nay try one strategy after 
the other until they find a solution, either by ^^y of sudden 
insight or by accident. When they have found a strategy that 
works, it is t«npting to use it all the time without looking for 
another, perhaps better, strategy. 

In the printout there were to be found instances where 
intermediate goal configurations could be el^irly identified. 
Figure 6 shows the way one of the subjects ended thr^ee 
consecutive games. Re obviously had learned tliat from a 
* situation with the number 2, 4, 6, and 8 dots dark you can 
obtain the finai g^ai by pressing e:^ctiy those same dots. The 
symnetry of the configuration is certain to nake it easy to 
menorize. 

The variable "reflectivity of thought" revealed many interesting 
details with regard to specific configurations of dots. To 
screen out the situations that oorrespohded to the longest 
relative contemplation times, ah arbitrary value of 2 was taken 
as an operative criterion. Only those situations with values 
exceeding 2 were considered interesting enoui^ to be included in 
the analysis. Their number was about 11 X of all the positions 
in the original analysis. The highest value found was 10, i.e., 
the students never contemplated a particular sitisttion longer 
than 10 times the average cbnteniplaticn time during a certain 
interval of WDrk. 



The configurations that most often were associated with high 
reflectivity of thought were characterized by either a snail 
number of dark dots (= apparent closeness to the final goal), 
some Obvious symmetry, or both. The six most frequent 
configurations are depicted in Figures 7a-f . For the purposes of 
this classification, any configurations that may be obtained by 
rotation or reflection were considered equivalent. 
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Figure Ta shdwsi a cdnfiguratibh that is intrinsically difficult. 
The correct keys to press are the keyB numbered 2, 4, 6, 7, and 
9. However, out if the 21 occurrences associated with careful 
consideration (high reflectivity of thought) only 4 led to 
depression of a cdi?rect key. Figure 7b, oh the other hand, is 
intrinsically easy. There are 6 correct keys to press, and 12 
occurrences out of 13 actually led to a correct key depression. 
The difficulties of the other configurations fell between those 
two extremes. 
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FIGURE 7. The Six Configurations of Dots Most Frequently 
Associated with High Reflectivity of Thought. 

The configuration in Figure 7a, being the most frequent high- 
reflectivity configuration and at the same tirae an interestingly 
difficult one, was also investigated using the full 
dbcumentatibn. Altogether it occurred 81 times, 30 of which led 
to a correct choice of key. The distribution of the attempts is 
given in Figure 3 along with the high-reflectivity att*empts, 
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using the iJatterri of the dots. The number 2 dot, the only dark 
one, evidently acted as the center of attention. However, the 
longer the students conte^iated the sitmtion, the more apt 
were they to choose corresponding to the heigibbrir^g dots 
rather than the number 2 dot itself. Since tHe ntanber 1, 3, and 
5 keys are all wrong whereas the nu^>er 2 key is correct, long 
conte^iation in this singular case does not seem to benefit the 
process of solution. 



FIGURE 8. The Distribution of the Key Selections "in Response to 
Configuration 7a. On the Right, ' the Distribution of 
the Hi^t-Reflectivity Responses. 



The inain reason for this piece of research was not to find 
individual similarities or dtssimiiarities in the solution of 
the specific problem, but rather to develop a methodology for 
problem solving research in general, with ah emnhasis <xi school 
mathematics in as realistic situations as possible. Gradually, 
technically more difficult analyses should be possible as 
microcomputers become more versatile. 

Even in this single prbblah, where the responses of the 
students were strictly limited, a nisnber of interesting features 
of the solution process were identified and quantified. The 
structure of the problan was such as to admit a variety of 
strategies, from random attonpts to the use of sophisticated 
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synmetry arguments. At the same time^ the number of dark dots on 
the monitor acted as a distractor rather than a real measure of 
advance towards the final goal. The switches betweai strategies, 
the reflectivity of thought at particular stages, and the return 
to previous configurations via repetition of key depressions 
were some eienaaits of the solution process that could not have 
beai studied equally closely without the microcoti^uter 
functioning as a research tool. 

Another, slightly different set of goals in mind for the 
research were those connected with computer education - to know 
how to teach students how to use computers efficiOTtly you need 
to know details about the my they think while th^ work with 
computers . 



Gibbs, R.ft. (1982) ^€:RLIN and the magic square. The Nfathematics 
Teacher 75 (1), 78-81. 
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ftPPLfCATIOMS m im JUNIOR SSeONDftRY SCHOOL 
LEVEL I^THEMATICS 

Pekka Kupari 



INTRODUeTIOM 

In the teaching of school mathCTatica applications have ah 
essential role. Applications help to prove the usefulness of 
mathematics y ify means of applications nathematical techniques 
can be usefully practiced, and their use laxrabtes conceptual 
understanding. The value of applications has always been 
understood and recognised, but it is generally known that at the 
present time, the position of applications in school mathematics 
leaves a lot to be desired, the effect of this csan be seen also 
in learning results. Several recent studies of school 
achievement at this age level (e.g. Foxman et ai. 198Q, fert 
1981, MAS> 1979) have indicated that the application skills of 
pupils are deficient and that the applicatidh process has become 
mechanized. These <?.ifects were clearly disclosed also by the 
extensive national assesanent of sathstHtics teaching in the 
comprehensive school in Finland which was carried out in 1579. 
(Korhbnen & Kupari I983). As a result, applications have been 
given special emphasis in the effected curricular reforms arid 
development programs for the improvement of teaching; This 
the case also in Finland when the comprehensive school 
iTBthematics syllabus ras reformed in autumn 1982. 

What, then, are the reasons for this deplorable state of 
applications and how could we bring about a new and more 
inspiring phase - these are questions to which we should try to 
. find some answers here. In the following, I shall try to provide 
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a few themes for the deliberation of these issues. 1 am going to 
focus nainly on the single question: "How arii applications used 
in teaching at this agis level, arid what problons emerge from 
this, in view of the learner's development?" Finally, I shall 
also present a few ideas on what could be done to help the 
teachers. 

HOW AFE APPtlGAtlOMS ^ISEb IM TEACHING? 

The word "applications" is used to describe a wide range of 
different nathenatical activitiiss. In his excellent review on 
applications Burkhardt (1983) gives a good definition of appli- 
cations: "Ah application involves the use of matheratics in 
describing a situation frcsn outside mathanatics^ usually in- 
volving a nathenatical rnodel reflecting sdnfe aspects of that 
situation". 

However, an application is always a relative concept in nany 
ways. Applications can be viewed in relation to the different 
sub-factors of the teaching entity frOT the standpoint of: 1) 
learning material, 2) teaching praotice, and 3) the pupil. It 
iiay be asked, then, to what degree the ambiguity of applications 
is a consequence of this relativity. Next, I shall discuss these 
factors in more detail. 

What Is the Role of Applicattons in the Subject^^tter? 

We nay begin by asking how applications are used in the subject 
matter . In pri nci pie , the posi tion of applications in the 
learning context is one of these two: in the teaching situation, 
applications come last, or they are the carrying idea in 
teaching hew stuff. 

a) When applications follow the teaching of a new thing, they 
are used as a meams to illustrate the new nathenatical 
technique. In this case, we speak of illustrations, and the 
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teaching method which is used is the traditional text-book 
centered exposition and exercise approach. Several illustrations 
of a giv&t technique are usual, v^or example, linear growth rai^t 
be illustrated different shopping and travelling probl^ns 
and, correspohdihgly, exponential growth by compound interest 
and radioactive decay. 

b) When applications provide the central th^e of ihstructibh 
they deal with ^al-s ituatib na frbra outside mathematics and the 
aim is to discuss these situations by m^ra of different models. 
By way of example, Burkhardt mentions a stuciy of personal 
finance which might look at income and expenditure or the use of 
a nathoiHtical model of capital arid interest. The nany aspects 
and viewpoints of such r^listic sitmtions nake the discussion 
strategically more demanding for the student, so that the 
technical denand of the mathenatics ias to be lower. 

AnKDhg the major objectives in teaching pupils of this age is_ to 
accustom them to use mathematics in forming an organized 
perception of their environment arid to develop the thinking 
skills of pupils. In the pursuit of these aims applications of 
real situations play a central r*ole. On thei other* hand, the 
significance of illustrations is obvious in the acquisition of 
fiiTJi arithmetic skills, which is one of the main objectives of 
teaching at the primary level. 

Th dealing with "real situations" the student must outline and 
arsalyse the problian, he has to choose the strategy for solving 
the problem and he must form a model and decide on the 
techniques to reach the solution. In doing so, the student is 
cbinpelled to r^ly on his own thinking a' ' he should be 
encouraged to do so by all means. The student should be 
encouraged to explain, argue arid defend his own thoughts and 
ideas on solving the problem. Faulty solution efforts should be 
analysed together with the pupil, because they often help in 
leading the way to the correct solution. If pupils' thinking 
processes are caintaiiied in this way, it will be sure to give 
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them confidence in their own ability to bbpe kith situations. 



Why does the subject natter isontain so few realistic 
applications? There are several reasons for this. Firsts 
teachers feel that these applications are messy and mcertain 
involving a wide range of open demands which makes them 
unpleasant. In dealing with these problems it is riot certain 
that there is any single rig^t answer. Therefore tochers think 
that these applicaticn problems are not decent tnathertstics 
which, in their opinion, is characterized by clarity and 
precision. 

Secondly^ teachers believe that realistic applications are too 
difficult for pupils. It is true that realistic problems do 
require a broader view and wider experience and naturity than 
imitative exercises. But since ^ according to Burkhai*dt, no signs 
of the development of thsse qualities C3ah be seen in the 
mathematics ciassroonE it is unreasomble to set the pupils 
tasks for wfiich they have no readinesses. It should be 
ranonberedi however ^ that during this transition phase vrtien 
pupils change from children to young adults ^ these qusilities 
should be allowed to develop. 

Thirdly, applications of realistic situations demand a lot of 
time. At least as far as Finnish mathematics teachers are con- 
cerned, lack of time is regarded as a central problem. When, on 
the one hahd^ the increase of applications in an approved deve- 
lopment trend, but the other hahd^ people want to retain 
the main onphasis of teaching ori this practice of arithmetic 
skills, we drift to a disastrous situation.. In order to include 
applications^ the teaching process naist be speeded up and this 
happens at the expense of teaching the fundamentals which are 
necessary for the applications. Thus the instruction deterio- 
rates even more. 



How to Teac^ Applieattons? 



Secondly, we will look at applications in relation to teaching 
practices. Also in this respect two approaches are possible. 

a) First, we may speak of standard models of situations in 
teaching of applicatibhs. These are important in building up a 
"tool kit" of useful inodels arid techniques (a term used by 
Burkhardt) . They also provide practice in mathematioai 
techniques and reinforce understanding by providing concrete 
illustrations of abstract concepts. Standard models are taught 
didactically exposition and imitative exerciser it is 
assumed, after a sufficient nun^r of illustrations, that the 
student will be able to recognize the characteristics of the 
standard situation when he meets a similar situation (pattern 
recognitica). ftn example of this mi^t be calculating the two 
basic cases of percentages: how tmich is a given percent of a 
number and what percentage is a number of another? 

However, learning ontcoraes indicafcfii clearly that some points are 
easily misremembered or different cases get mixed up. Thus it 
would seem, that ^ using only standard models it is hot 
possible to adopt new metlibds arid to use tliera in practice. The 
r^son for this is, that the repetition of simiiar situations 
cannot result in the fornation of higher level concepts and 
geheralisabiohs which is the prerequisite i"or assirailatidh of 
things arid which should be aimed, at in this age period, 
according to Piaget and Ausabei (e.g. Bell et al. 1983, Resnick 
& Ford 1981). 

b) On the basis of wtet has been said above, it is obvious that 
pupils are able to r^anber only a small fraction of the models 
which they e^loy in the standard applications. Evidence and 
experi ehde have shown that even small, deviations from the 
standard models of sittatibns confuse students. Thus it is of 
the highest impor'tanee for ever*y pupil to acquire skiH and 
experience in tackling new situations. When a student is faced 
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by a new situation he or ihe must resort to his/her own store 
of loiowledge in choosing and, if necessary» in adapting models 
and te^mlques, fts new situations help the pupil to distinguish 
the essential features of solution methods he/she also learns to 
make generalizations. The reason why new situations have not 
been very popular in classnDbms follows to a great extent from 
the tradition of exposition and exercise in teaching where the 
tasks childrai are asked to perfom involve close imitation of 
processes demohatrated by the teacher. The role of the teacher 
is that of a manager, explainer and corrector. It goes without 
saying, that after the instruction pupils succeed in these 
imitative exercises much better than in tasks wher3 th^ have to 
select mathematics from their own "tool kit" of techniques. 

In approaching new situations the didactic method based on 
exposition and exercise is not appropriate. The teaching methods 
have to include fflore operi styles of teaching where the pupil 
leads at his or her own level with the teacher acting more as an 
adviser and fellow pupil. In practising the tackling and percep- 
tion of situations the methods of general problem solving could 
be applied, for ejrample following the model of Polya (Polya 
1957, Resnick & Ford 1981). 

Vfliat Is the Role of Applicationaufrom^ fche-St uderit 'a ^i^wpoint? 

In the foregoing, applications have been discussed in relation 
to student's characteristics at this age level. Next* we will 
deal with one finaj dimension. In other words, the various ways 
in which pupils may experience application problOTS. According 
to Burkhardt (see classification on the next page) applications 
differ as as th e int erest l.evel of the problems 

to the students is cdhcerried. According to the rating 
there are five kinds of applications: 1) action problems, 
2) believable problems, 3) curious problems , 4) dubious problems 
and 5) educationsil problems. This is of course only one way of 
rating applications from the pupil's st?j:idpoint. However, it 
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Classification of Ap pllcatibns -aeeQ rding ^o-^e-Inte^^ Level 
of Problona CBurRh ag^498g)^ 

1) Act ion groblems concerning decisidhs which will affect the 
studejnt's own life. 

Example: Ot*g^i2ing one's time to telance the various 
things one needs or should like to do. 

2) B e li e vabl e — prob lCTS are action problems related to the 
student's plans for the future or for scxneone you care 
about. 

Example: "How can I borrow some money most cheaply?" or "Is 
it worth ray studying for two more years, or should 
I try to get a job?" 

3) € uribu3 probl ^Fffls are simply fascinating, intellectually, 
aesthetically, or in some other way. 

Example: "Why are total eclipses of the sun rwer than those 
of the moon?" or "How can sap be 'drawn' up a tree 
100 meters high?" 

4) Dub ions problana are intended just to rnake one practise 
inabheai^tics. 

Example: "Calculate the area of a ri^t-angled triangle when 
its base is 6 and the adjacent acute angle is 
45 •" 

5) Educational prbb l^s belong to the category of dubious 
problerts which iiiurainate some matheanatical content or 
concept so beautifully and oiticingly that students want to 
solve Lnem. 

Example: "One drachma invested at 5 % aompound interest 
in the year 759 BC. To vrtiat sim has it grcwn?" 
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illustrates very well tHe point how nany different kinds of 
problems there are and, at the same time, how few types of 
appliciations are used in classrooms. According to Burkhardt, 
applied mathanatics has rarely aimed higher than curious prbb^ 
leans and for nany students it tas been alindst entirely dis- 
cussion of dubious probi^. Utilization of this vrtioie range of 
applicatibhs would certainly be sighificaht for the differenti- 
ation of teaching, because at this st^ge of educjatidh pupils' 
r^dinesses and motivation ^mry dranatically. We should remember 
however > that even educational problems al:ray3 seem curious to 
some pupils and, correspondingly, some pupils experience believ- 
able problems as highly dubious. Therefore, the choice of appli- 
cation problems is of vital importance in nettheuatics t^ching. 



Eli>IRieAL QBSER7ftTI0^K 



In Finnish bbmprehehsive school mathematics teaching the role of 
applicatiorss is largely as disscribed abbvis. Teachers consider 
lack of time the main reason for limited use of realistic appli- 
cation situations in teaching. This in turn results from the 
fact that teaching is too strictly tied to the textbook. Since 
no change has occured in the amount of t^ehing contisnts, at 
least not in the direction of a cut down, ?u.though teaching time 
has been clearly reduced (and a decision made in spring 1985 
will further reduce the number of wsekly lessons in grade 9 from 
4 to 3), it foliora without saying, that time-consuming rraterial 
will be eliminated or efforts made to speed up the teaching 
process. According to Leihd (1984) the elimination has been 
directed to problems related to concrete contexts and to the 
number of applications. On the other hand, the enphasizing of 
applications and the increase in their number has been a re- 
bbghized and desired development trend during the last ten 
years. This is illustrated well by the fact that the number of 
applicatidhs in one 8th-grade textbook almost trebled during 
1974-79. Below, I will ejKUnine in greater detail learning re^ 
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suits in the area of applications, as compared to other achieve- 
ments; and the relationships between learning results and teach- 
ing i The scrutiny will be based on research material collected 
in 1979 during the national assesanoit of nathenatics tiKiching 
in the comprehensive school. 

The population of this extensive sitrntiohal survey consisted of 
2251 9th-grader3 and 116 teachers from 40 junior secondary 
schools. J^ta was collected both on cognitive learning results 
in Sthematics and on structural, attltudlnal and process fea- 
tures of the sttkieht^ the teacher > the hMiie arid the school. The 
assesanent of TOgnitive achievsnents fbcuss^l on mrasuring ob- 
jectives defined as most essential (so-cstlled batsic objectives 
and ODre subject matter^ Kbuluhallitus 1975). Bach student was 
fsreserited with one but of nine test versions containing together 
a total of 180 itans. Eadi version had been so constructed that, 
by using a OTe-parameter logistic model (Rasch's lODdel)^ we 
could produce con5)arab].e scores for all students. The comparable 
student scares and it«n parameters also allowed estidEitions of 
various subscores, for example, regarding different behaviour 
categories. 

The test items were classified according to Wilson's (1971) 
behaviour classification as follows: computation, comprehension 
and application and analysis. The number of iteans at ^ch level 
was: 

. 

- computation 95 itisms (53 %) 

- comprehension 29 " (16 $) 

- application and 56 " (31 %) 
analysis 

In view of teaching, the weighting of the areas was correct in 
that the dominating role of knowledge and computation was elear- 
iy emphasized. On the other hand, the proportions of comprehen- 
sion and application items did not reflect the true p)6sitibn of 
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these areaus in nathoiatics teaching. 



TffitE 1. The ftehlevenents of 9th-grader3 at Difrerent Levels of 
Bdiavioor (Estimted Means of Relative Scores, Standard 
Deviations and Reliabilities, N=2l84)i 



Level of behaviour 


2 




rei. 


Computation 


0.49 


0.22 


.965 


Ccmprehehsioh 


0.53 


0.24 


.897 


Application and analysis 


0.48 


-0.22 - 


— 



The results in Table 1. are quite surprising. When analysing 
learning results, we had observed that a majority of students 
had very inadequate application and problem solving skills. The 
pisrceptibri and analysis of items seemed to be especially diffi- 
cult and therefore students' attempts to solve problems were 
totally mechanical. So, we were led to expect mastery of appli- 
catibh items to be clearly inferior to neistery of computation 
items. This was, however, not the case, as achievenents in all 
areas were very similar. On an average, students nastered 50 % 
of the items in different categories of behavioii*. 

Reasons for the unirormity of achievemisnts iri different areas 
may be sou^ in the itans pr?»sented and in the nature of teach- 
ing. Firstly, n^y of the application and analj^ing items were 
illustrative i.e. verbally expressed arithmetic operations. 
Generally they contained only one operation (so-called one-step 
problene, NftEP 1979), the only additional difficulty compared 
with "mechanical" items thus being reading comprehension. 

The items were now reclassified so that illustrations were 
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placed either in the cotoputation or con5)rehen3ion rategory. An 

attempt was also made at utilizing factor analysis, but the 

factorizations of individual test versions did not produce vi- 
able solutions. 

TABLE 2. The Achlevemmts of 9th-graders at Different Levels of 
Behaviour after Reclassification of Items 



Level of behaviour 


z 


s 


rel. 


eorapotation 


G.51 


0.22 


.969 


Comprehension 


0.55 


0.23 


.91^ 


Application and analysis 


G.4G 


0.23 


.918 



Now, the outcome based on reclassification is more along the 
predicted lines. Achievements in the application area were about 
0.5 standard deviatibh weaker than those in the area of cbmputa- 
tibn and this difference can already be considered canparatively 
great. In other words, the mastery of more realistic application 
items, which are important from the standpoint of students' 
application skills ^ was significantly weaker than could be as- 
sumed at first (Table 1.). Teachers considered these itisras a 
definite part of the core subject matter, aithoa^ this kind of 
ItCTS had not^ on an average^ received very much attention In 
teaching. 

After this, it was interesting to see what impact the weighting 
of teaching contents had on students' achievements. 
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TABLE 3* Teachers' Answers to the Question "What aspects do you 
emphasize in your nathematics teaching?" (N=114) 





Practical 


Thinking and 


Application 


Application 




computation 


deduction 


to everyday 


to other 






skills 


sitmtions 


subiects 










Fferdly ever 


0.0 


1.8 


1.8 


15.7 


Sometimes 


20.2 


43.9 


35.0 


54.9 


Frequently 


79.8 


54.3 


62.2 


18.4 



TABLE 4. Teachers'-^ Answers to the Question "How often do you 
give your students hcraiework to the following effect?" 
(N=114) 



Items similar 


Applications 


Solutions 


Individual 


to those 


of subject 


not dis- 


problems 


solved in the 


natter dis- 


cussed in 




class 


cussed in 


the class 






_ the_class 






Hardly ever 1.8 


3.5 


41.6 


66.4 


Sometimes 2.7 


46.9 


56.6 


26.5 


Frequently 95.5 


49.6 


1.8 


7.1 



According to results prissiented in Tables 3. and 4. teachers put 
strong anphasis on practical cdmputatidri skill, althbu^ a good 
half of the teachers often underlined the importance of applying 
mathCTatics to everyday situations and of thinking and deduction 
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skills. As for homework, the traditional exposition and exersice 
came out strongly, as almost all teachers gave homework based on 
problem types solved in the clMsrbdm. A^in, about 50 t of 
tstchers often used items requiring application of subject nat- 
ter discussed in the class. Homework containing new situations 
was very incidental. 

Next, the study was focussed on students (N=702) wtiose teachers 
had in their teaching oft^ emphasized the applidaticari of mathe- 
matics to everyday situations and had bfteri given these students 
hcanework requiring application of subject natter d^t with in 
the class (=appliers). The teaching in this group was regarded 
as having beei most applicatibh-cehtr^. This student group's 
achiev^nerits in different behaviotzr categories were then cssm- 
pared with the adiievanents of other students (N=1482). It was 
asstied that the e^hasizing of applications would also nanifest 
itself in the form of better performance. 



TABtS 5. The Estinated M^ns (z) and Standard Deviations (s)* of 
Student Groups in Different Behaviour Categories. 



Student 
^up 


Appliers 


(!r=702) 


Others (N=1482) 




BehavioiJ^^^v^ 
category 




s 


'z 


s 


t 


Coraputatibn 
(107 items) 


0.48 


0.23 


0.52 


0.22 


3.91 HHH- 


Comprehension 
(35 items) 


0.53 


0.24 


0.56 


0.23 


2.81 HH. 


Application 












and analysis 
(^7 iteans) 


0.^8 


0.24 


_(Lii 


_o.2a _ 


2.81 _ +4. 



+++ = p < 0.01, -H- = p < 0.1 



108 



However, the hypothesis ms not correct. On the contary, other 
students imd significantly better means both in application and 
ansilysis and in computation and comprehension. The outcome was 
unexpected, and it was considered a result of the way students 
from different sets were divided into these groups. As a natter 
of fact, the group of appliera did include distinctly more 
students from the lowest set, i.e. the general course, than 
other groups. The impact of this factor waa eliminated by exam- 
ining the i'«;jult3 by set, 

TABLE 6. The Estimated Means (z) and Standard Deviations (s) of 
Student Groups in Different Behaviour Categories by Set 





zxtanalva 

Appiiari 
N-249 


couraa 

Ot&ari 
N-621 

z a 


ZntaziMdlj 

XppXlara 
N-223 
z a 


cotiraa 

Oth«ra 
M-621 

z a 


Gaheral c 

AppXlara 
N-23b 

_z a 


ouraa 

Othara 
N«240 

r a 


Conputstlon 


Q*£a 0.15 


0.69 0.15 


0.4S 0.17 


0.45 0.17 


0.26 0.13 


0.27 0.13 




i. 


|_ t-3 


..26 * 


t*0.a3 n.a. 




0.74 0.15 1 0.73 0.16 


0.52 0.18 


0.49 0.17 


0.30 0.15 


0.31 0.14 


0.05 ti.a. 


2. 


23 * 


0 


.75 n.a. 


Arpi 1 ration and 
analysis 










0.17 0.11 


0.18 0.11 


c« 0.70 h.a, 

- 


tP 2;36 ♦ 


t" 0.98 n.a. 
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^fe now noticed that there were no differences in the achieve- 
mesiis of the ^^^s either in the extensive course or in the 
general course. In the ihtennediate course the achievCTehts of 
appliers were better to ari extent (p<0.5) which only just nich- 
ed the level of significance. However, we have to bear in mind 
that the means of appliers were higgler in all behaviour cate- 
gories arwl hot only in applibatibh and analysis. 

The results we obtained are interesting in several respects. 
They confirm clearly that applloatldh items are very much seen 
in an illustrative sense ^ which favours cbmf5utation^ehtred 
"mechanistic" teaching. Only a limited number of more realistic 
application tasks wa?e used in teaching berause of lack of time, 
and therefore^ their mastery was considerably weaker. Items 
which are more important in view of learning ted received less 
attention. 

Results regarding relationships between the weighting of teach- 
ing arid lisarnirig results reinforce further IHe picture we have 
obtained from the teaching of applications. According to teach- 
ers' own replies, they CTphasize practical computation as well 
as thinking skills aind aj^lidatioh of naathematics to everyday 
situations, bttt obviously largely oh the terms of cbraputatibh 
skill. The illustrative and imitative approadi in the teaching 
of applioatibhs was manifested e.g. in that when (strong) empha- 
sis .«s put oh applioatibhs the results in all behaviour oatis- 
gories improved in the intermediate course. This was not the 
car.e in the ejctensive and in the general course, because there 
the teaching went either below or above students' ^'receptidh 
level". On the otTier tend, this outcome seams to suggest ttet 
increased utilization of carefully chosen realistic and also new 
application situations in teaching would improve the mastery of 
all beteviour categories for all students^ but especially the 
application skills of nathenatics. 
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WHAT Odm.D BE DOTE TO mCFffiRS? 



On the basis of what has been said above, there can be no 
question of tl^at clear d:nnges in the teaching of applications 
at this age level are necessary in order to make sure that 
pupils' characteristics and changes which occur in them will be 
taken into consideration. The present-day teaching of applica- 
tions is diaracterized by a clear dominance of illustrations, by 
teaching practice based on the imitation of standard models of 
situations and fcy one-sided application tasks. It is obvious* 
that this kind of edu(2atibh carinbt promote pupils' development- 
in the direction of objectives. The responsibility for the 
change of teaching style lies mainly with the teachers, and 
therefore we sfeuld find means to help then. This is a challenge 
to which there is no clear-cut sinswer, but aany ideas are sure 
to be found. The following table presents a proposal in princip- 
le on the development areas. 

TABLE 7. A Model for the Development of Teaching applications 

Problem Development area 

What is the role of Development of teaching 9 



applications play 
from the pupil's point 
of view? 



What role do 



How are applications 



taught? 



applications in the 
learning content? 



Development of 
teaching 



Development of 



teaching styles 



materisils 




arrangements 
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This ♦•able presents ^ch develbpmeht area linked with a certain 
prbbloL although it must be understood that they are in olbse 
interaction with eadi other. In t^ushiag ^terials the»^ is a 
special need for nuiti-level, interesting application naterial. 
According to Burkhardt^ there is a shortage of material 
part icularly in the area of , i hteres t ing appl i<sit ion 

problaiss relevant to everyday life. Possibilities should also be 
investi^ed of utilizing the ftSd of appli^tion naterials 
around the world. 

We know from experience tliat it is very difficult to cSonge 
teaching pi'actices and styles. A large number of different 
developmeffit projects have been carried out all over the worlds 
but no major changes have been produced. For example, it has 
been found, that printed mterial Ss very little influence on 
teacher's teaching style. (Burkhardt 19835. On the other hand, 
the succei33 of some projects in th." USA, for example, suggests 
that pupils have positive atti>::udes to application-centered 
teaching and can also eope well with it. 

The deveiofjment of teaching styles has direct imfjacta on 
teaching atrrarigqasnfeg and some of the emerging questions might 
be: ^'What is the optimum size of teaching grou?S3 suitable for 
various open st^es of teaching?" or "What arrangements are 
necessar^r for the use of microccraputers in the teaching of 
applications?" 

Also various kinds of CTtematl pressures have an inmense impact 
oh education. Up till how, the social pressures, for example, 
have been for better technical skills rather than the ability to 
cope with practical situations. We should try to change these 
pressures cxxning from varous sectors (including the society, 
parents^ school administration, teachers' associations 9 examina- 
tions , media) to tiake than more favourable to application 
skills. 

Finsilly, we must remember^ that implCTentatidh of changes in the 
educational systan is a very slow process. Therefore we must be 
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prei»r*ed for longtem vrork and failures as well. Ail efforts 
must be aimed in the sane direction. This Inplicss the necessary 
support of e3Cten3ive res^irch arid development activities as well 
as close ccmminication betwe^ the various influentiail parties. 
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STUDY OF tSft^^miG CJDN'^TS RS-AISD iO TRiANQiJSS AND 
QUADRANO^S OT TH2 BASIS Ct VAN HIELE'S TtSORY 

Harry- Siifverberg 



INTTODtJCTION 

The place of geometry in the curriculijtr. of the comprehensive 
schooi is feit to be probiematic, and with reason. Placing the 
subject matter of geometry in between other natters in f&irly 
short periods niay make the perception of wholes oiore difficult 
and lead into misunderstand iriffS as to what degree of mastery is 
to be expected at different stages (Pehkonen 1982). 

The content and niethod of teaching at any given stage are 
influenced not only by the inner structure of the subject matter 
taught but also by the level of OBturity of the learners. Yet 
very little is toown about the geometricail thinking of pupils at 
different levels of naturity. One way of describing the 
develojxnent of geometrical thinking is offered by the van Hiele 
theory of phased change in geometrical thinking, already 
published in 1957. According to this theory, the develdptoeht of 
geometrical thinking is characterized by the lessening of 
holistic thinkings by the shifting of the focus of perception 
from the visual shape of the figure into its properties, the 
organizing of these properties and the assumption of ever nbre 
con^licated mathematical structures. 
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It is obvious that a wider knowledge of geometry as well as 
separate concept^j are acquired by degrees. Since many 
; geometrical concepts are used long before their escact 
nathQiatical content has been clarified, it follows that at the 
preliminary phases of learning such concepts may be repu'ded as 
natural concepts, of whose inner structure and assort ion 
cognitive psychology has been prrxiuced a lot of infomation 
(Rosch 1973, Roach et al. 1975, 1976). 

In the present stody (Siifverberg 1984) we nade an attsnpt to 
describe the development of pupils' geometrical thinking raainiy 
at the thi^ee lowest levels of the van Hiele theory^ which were 
considered the most essential as far as school nathematics was 
concerned • iHn particular we tried to answer the following 
questibrsj firsts can we perceive in the pupils' thinking a 
trsoisition from a holistic way of perception into one analyzing 
aiid classifying properties, and if yes, at what stage does such 
a transition take place? Secondly, in as far as a pupil 
riscsognizes, names^ classifies and compares figures analytically, 
naking use of the properties of tHe figure in an explicit way, 
are, then, these properties separate or connected with one 
another? 

TSSQRETieftL BASIS 

Dutch scholars Pierre van Hiele and Dina van Hiele-Gelddf put 
forth in their doctoral tHeses a theory of the levels of mental 
develbpnent in the learning of geometry, a transition from one 
level to another, and classroom strategies assisting the 
transition. The theory can be considered to be of didactic 
interest at least for two reasons: first, the theory presents 
through what kind of phases geometrical learning progresses and 
how these phases follow me another. Secondly, the transition 
from one level to another presupposes the mastery of activities 
pertaining to the previous level in essence. Especially if the 
language of instruction is above the level of the pupils' 
thinking, the pi:^ii cannot grasp the instruction given (van 
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Hiele 1959) i 

The levels of developinanit ^ later referred to simfJly is the van 
Hiele levels, can be described as Tollora (Burger 1981, Geddes 
1981, Hbffer 1981, 1982, Mayberry 1983, Pehkonen 1982, van Hiele 
& van Hiele-Celdof 1958, Wirszup 19755. 

Van Hiele bevels of Development in Geometry 
L e v e l 0* Visualization 

At this basic level figjures are percieved as totstl entitiies. 
Recbghitibh, hamihg, classifying^ cba^|>ari36h^ description etc. 
are carried but on the basis of the visual shape of ttie figure, 
not on the tesis of its properties. The pupil is able to 
recoj^ize and naie ordinary ^bcBetrical figures. He does not pay 
attehticn to the cbhhectioh between the whole and . its 
components. His thinking is concrete, and gedmetrieal concepts 
are mainly names of objects and figures, not so much mentati 
constructions. 

Level i .^- Descript ion 

Accbrdihg to van Hiele^ the qualitative change of mental 
development while moving oh from level 0 to level 1 presuppbses 
the dsnging of visual structures into geometrical structures, 
the abstract level of thinking rises, as operating with concrete 
objects changes into operating with geometrical ^mbbls. At this 
level the pupil consciously rocuses his attention also on the 
properties of the figure, but the properties remain 
disconnected, since the relations between them are not 
discerned, the pupil can com^re figures with the help of the 
relations between the cbmpbhehts. Also^ the pupil can cirissify 
figures with the help of their properties and hot only by 
relying on their similarity. The pupil discovers properties 
belonging to ail triangles, squares etc. and he can draw 
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comparisons between groups of figares on the basis of their 
properties. At this levels however^ it is not possible for the 
pupil to explain how the properties of a certain group of 
figures are related to one another. 

Level 2> Abstraction 

At this level the pupil can formulate and use definitions and 
follow deduc t i ve cbhclus ibh . He ideht i f ies necessary and 
sufficisit properties fbr dmracterizlng a class of figures. He 
can nake use of the properties of a figure vrtien examining 
whether a class of figures is included in another . He 
understands some of this relations between the properties. 
Gre?ter connections between theoran groups are not grasped, 
neither is geometry understood as an axiomatic theonr. 

Level 3*- Deduction 

At the level of deduction the pupil can cbhclude wtet follows 
from a given fact and discerns relations between theoran groups. 
Differences between definitions, axioms arid statements are 
understood. A pupil operating at this level can recognize what 
has been given in a problem and what is required. 

Level 4. tethematical rigour 



At the highest van Hiele levels the pupil can compare different 
axiomatic systems, fbr example different geometries. He 
understands the limitations and possibilities of hypotheses and 
axioms. He can use mathematical models to represent abstract 
systCTS and to describe various phenomena thrbu^ such models. 

While looking for the distinguishing signs of holistic percept 
tion at the level of visualization, we relied particularly on E. 
Rbsch 's observations on the assumption of natural concepts 
(Rosch 1973* Rosch et al. 1975, 1976). The visual structures of 
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level d cannot be construoT^ed on explicitly perceived conmon 
properties. Instead * the formation of classes is explained to 
have rigsulted from a sufficient similarity between objects be- 
longing to the same class, a feature which Rosch calls "family 
resCTiblahce**^ adapting Wittgenstein. Objects beldhging to the 
same class r^ed riot have properties ccmioh to all.. Thus class 
divisions are not necessarily rigid. 

At the level of desoriptibh the pupil adopts the means heeded 
for analyzing similarity and difference. The pupil learns to 
nake use of the properties as an instrument of recognizing, 
naming and classifying. As stated the van Hieles, a single 
property of a figure may becbme the signal of a concept, i.e. 
the distinguishing sign for this concept. .Since the properties 
at the level of description are not organized, hierarchic 
structures cannot be presented in the knowledge structure. 

At the level of abastraction, according to the van Hiele theory, 
the properties of j^anetrical figures form a partly organized 
systCT. Generally it is hot until this level that ah exact and 
economic definition of concepts becoines possible and ttie class 
divisions become rigidi 

Even though the van Hiele theory v«3 originally misant to be 
used to explain the development of geometrical thinking, it was 
later applied to chemistry and economics as well, at least in 
Holland. In addition^ A. Hoffer has drawn the outlines for the 
application of the rnbdel to examining tHe learning of 
geometrical transformations and real nunbers (Hoffer 1982). 



CONDUCTING THE STUDY 



The main body of the tests consisted of drawing, naming and 
defining triangles and quadrangles as well as tasks related to 
discbverihg the ccaanon properties of the figures. Triangles and 
quadrangles were supposed to be familiar enough to all 
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comprehensive school pupils tested, the youngest of whom were in 
tl:^ fifth grade (aged 10-11) and the oldest in the ninth grade 
(aged 1^^-15). The first test (triangles) was given to 127 pupils 
end the second (quadrangles) to 136 pupils. Both the tests were 
taken by 121 pupils. 



RESULTS 



As fbr the first nain question, the results were in accordance 
with the prediction of the van Hieie theory, in connection with 
the drawing, recon^izing and comparing of figures, geometrical 
concepts were used in a holistic way. 

As indicators for holistic conceptual perception in connection 
.with dravdhg we regarded the pupil's limital cai^Lcity to modify 
when producing a series of four different triangles/quadrangles 
and giving a finite estinate of the possible number of different 
triangles and quadrangles. A limited capacity of modification in 
tba whole series produced (triangles) was apparent especisilly 
aiODng the fifth-graders. With regard to quadrangles it was 
apparent among pupils in higher grades as well. About thrise out 
of four fifth-graders thought there was a finite number of 
different triangles and quadrangles. Even in the hlghexr grades 
only one out of three ras sure tTiat in principle it would be 
possible to draw an infinite number of different figures. The 
results nay have been distorted by the fact that the pupils were 
inclined to regard figures belohgihg to a different type only as 
different figures, in which case there would naturally be a 
finite number of such classes. 

In the test of recbghizihg triangles the pupils had to pick out 
the triangles but of a group of 14 given plane figures. The four 
tmie triangles and they only were recognized as triangles by 
about a fourth of the f ifth-gradera and about a half of the 
pupils in the upper grades. I'he most coSion mistake ras to 
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accept triahgular figures having partly or totally curved parts 
in them as genuine triangles. Out of this 15 quadrangles presieri- 
ted, squares were recognized aliaost flawlessly > but the rectan- 
gles and the paraiieiograms were correctly recognized by no more 
than a fourth of tte pupils at any grade level. There seaned to 
be two naih reasons for the difficulties with the recognition of 
rectangles and parallelograms, the first of vrtitdi was the fairly 
constant t«idehcy to try and avoid overlapping in classifica- 
tictfi. For example only 19,0 % of the ninth-graders accepted the 
sqietre as a rectangle and 9.5 5f the rectangle as a pai^lelo- 
gram. The second factor causing faults in recognition was the 
fact that the names of even the most coonioh basic figures were 
hot familiar to all pupils. Of the basic fugures presented the 
square, the rectan^e and the paraKeiogram (ail three) were 
correctly named by about a half of the pupils in the upper 
grades. The square arid the rectangle (both two) were correctly 
named by 43.5 % of the fifth-graders and by 72.5 t of the other 
testees. Such a classification was interpreted as a sign of a 
recbgriitioh which takes placje in ah holistic way on the basis of 
resemblance rather than cxl the basis of defining properties. 

The comparison of figures proved a hard task at every grade 
level. Properties used as a support for <x>mpari3dh were classi- 
fied as either holistic or analytical. The higher the grade, the 
suHller the ratio of the holistic concepts was. Owing to the 
crude method of estimation used, no more than a half of even the 
eij^th arid the hihth-graders were found to have used a clearly 
analytical my of examination. 

As for the pupils who did use ah analjrtical way of ejcaniihing the 
properties, \ie studied whether the properties fdrn»d a partly 
organized syst«n. As a characteristic of an order of properties 
we regarded the pupil's capacity to satisfactorily define a 
triahgle/quadr^gle and his ability to understand that a class 
of figures may be included in another. As stated before^ class 
inclusion with regard" to quadrangles rarely occured. Ah 
acceptable defiriitibri of a triangle arid a quadrangle was only 
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given b7 a tandful of pupils, ft certain property becoming a 
signal, a feature mentioned by van Hieie, was quite apparent; 
The signal of a triangle was its shape being triangular and that 
of a rectangle its being oblong. 

Even though the test batter/ used was not specif icaiiy designed 
to place pupils at the various van Hiele levels, vre c»h with 
Tair certainty isay that nearly all pupils tested would have 
placed on the two lowest van Hiele levels. By of conqjarison 
we might maition that, according to Pystelo (1968), with the 
help of cslassrbcm strategies based oh the van Hiele theory it 
is possible fbr all pupils to attain the level of description 



DISCUSSION 

The halistic way of recording and mahipulatihg ihfbrnatibh which 
was discovered in the test results of especially the youngest 
pupils seems to be a natural starting point in the process of 
learning a new thing, teaming the concepts of elonentary 
geometry probably starts by forming the appropriate visual 
images. Such a holistic recording of informatidh seems to be a 
typical and effective ray of storing visual infbrnatioh. Yet 
from the point of view of learning geometry it is disadvantegous 
if informatidh can caily be manipulated in this form. The exact 
definition of cbncepts and uhdnrstahdihg the relations between 
the concepts cannot be nastered lv' visial mam alone; Tor that 
we need khdwledge of the prdpertiot: of the figii'es. ft sign of 
relying tod heavily on perception was indicated most pupils' 
inclination to classify quadrangles disjunctively. We shduld be 
able to nake the best possible use of the spontaneously bom or 
purposefully nade visial structtn^es, but we should also be able 
td depart from them when need be. We need, however, to know more 
about what these visual structures are like arKl how gedmetrical 
structures proper be constructed dh the basis given by than, 
in 33 far as the van Hiele theory is to be used as a framework 
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fw piaming the teaching of geometer, we need to further 
clarify the ojntent of ^ch level and their relation to one 
another. One prbblon is that the levels are so cbhcept-bbuhd. 
There is evidoice of ttie f^ct that pupils are at different 
levels as to understanding different concepts (Mayberry 1983). 
The n»re placement of pnipils at the different van Hiele levels 
is not of much use as such. ^ also need to Icnow tHrou^ what 
kind of classroom strategies the transition frcm one level onto 
another can be assisted. This aspect of the van Hiele theory 
falls out of the scope of the present rH?elimihary study. 
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THE ESVELOPFCNT OP A 03MeEPl OF NUNBER m FI^-GRftlERS 
(A EEraXDPfGNTAL PSYCIKlLOGy APPROACH) 



StMttRY OF A THESIS 



Irma Vbrhaheh 



This stiKly's primary goal is to apply Piaget's principles of 
develbanerital psychology to the develbjsmeht of numerical cbhcept 
in first-graders. The study Sa to be condtacted in three parts. 
The first section^ discuss^ below war carrlol but betwe^ 1981 
- 84, the second jpartis to be carried but 1983 - 86, and tHe 
third pa't in 1985 - 88. The first part deals with Piaget's 
understanding of hew the ^tid's concept of number develops^ the 
principles bf develbpmehtal psychology that Plaget believes 
applicable to the teaching bf nathaiatics, arid bthe^r* thoughts 
that Piaget has on the subject of developing teaching techniques 
for mathematics. With these as a foundation a program for deve- 
Ibpihg the numerical concepts of first-graders will be deve- 
loped: a didactic solution arid the training of teachers, experi- 
mentation and research fundamentally connected with it. 'Die 
first part of the study stresses the theoretical aspect of the 
subject, the secbhd empirical, and the third bbhcehtrates oh 
practical application. The research is being carried out in 
conjunction with the continuing education of teachers. The role 
of the teachers in the development of teaching ix*6cedures tes 
been significant. 
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The didactic solution^ based on Piaget's numerial concept theb- 
r*jr, was developed to be appropriate to planned situationi iriter- 
grated into the ridrnal teaciiirig of aathoaaties in the first 
school year. The educational and instructional influences 
characteristic of scSiobl and also the brientatibh of teaching 
towards the csreation of the abilities pnssuppbsed by school 
instruction must be csonsideredi Thus the theoretiral basis was 
ex|»hded to inciuda Vjrgotsky's and Ausubel's concepts of the 
developmait of teaching together with learning. In the didactic 
solutiori tlie question was one of increasing sensitivity to 
developojOTtai readiness; a prerequisite for the start of mean- 
irgful nxathanatical learning at school. With respect to the 
training of teachers the goal to develop the pedagogical 
readiness that is required if significant develofsment in first- 
graders' mderstanding of rnibers is to take place. The testing 
of the didactic sbluticxi in practice is based upcHi obbperatioh 
between the res^irchep arid the teacher^. The study is ono which 
presupposes cooperation; a stage^by-stage R S D (Research & 
Development) -type of develbpmenta-i study. 

The research prdbleiaa of the first part of the study deal witli: 
1) the level of first-graders' mimeriral development at the 
beginning of school and certain developmental factors, the type 
of day-care received the previous year and the sighificahce of 
age in relation to it 2) the significance of a develbpraehtal 
program on the development of the concept of numbers, success in 
a mathematics course and the prevention of learaing difficulties 
and 3) the teachers' opinions and experiences cbhcerhihg the 
developmental i j?dgram. In solving the first problem emphasis is 
placed on explaining the thought piwesses behind the answers. 
The notes taken 1^ the teachers in the test situation play a 
sighificaiAC role in the analysis of results. In solving the 
second prbblen the attaint is to draw cbhcltasibhs about the 
sittation prevailing at the nrmient iti respect to the problem 
proposed by Piaget as being mathoratics' central didactic 
prdblOT^ that is the fusion of the child's natural numericatl 
development process and a teaching curricsulum. In solving the 
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second problem the experimental set-up is that typical of field 
studies: pre-test^ retest^ control groups. In solving the third 
prbblCT the attempt was to gain knowledge of the program's 
relevance to ttie goal set by the study as a vrtiole; The 
information was gathered from a questionnaire presented to the 
teachers. There are 262 subjects in the study and 19 teachers. 

According to the results obtained, there were various levels of 
deveiopcKoit among the 6 - 7-y^tr-olds star*ti.ig school. Oh the 
basis of how the children react and respond in the ejcperimental 
sittation and from the kind of explanations they give Tor their 
answers, conclusions can be drawn about the thoui^ processes 
Involved. The attanpt to erMnate the g«ieral level of 
developnent of childrehs' htmerical cbheept was unsuccessful due 
to ine:$cactness in both t^e instrum^t of m^sure and measursnent 
procedures. The m^sure proved ^ however, to be quite inforrative 
fron a develbpinaital point of view. The child's age appeared to 
be significant to the level of numerical development at ^ the 
start of s^ooli Those bom in the beginning of the year had a 
headstart compared to those born at the end of the year. On the 
other hand, v^ether or hot the children attended nursery solibbl 
or received any other form of daycare the preceding y«ir did not 
appear to have any effect on the level of miaerical development. 
Tile effect of a developmehtal program based upon Piaget's 
theories, bri cautious appraisal, appeared to be positive. Oh tiie 
other hand the pro^^ had only little positive effect on the 
prevehtibh of learning difficulties, and there were even 
indications bf effect in a negative directibh. The teacher.^' 
opinions and experiences ooneerning the relevance of the 
developmental prog^^ were for the most part positive i However 
the heed for further developing the program became evident. 

In accordance with the nature of a developmental study, the 
study at hand was ass^bied from the study data available at the 
present moment. Oh this basis a program for developing the 
development of numerical concept in first-graders was designed. 
We program was tested in practice. Acdbrdihg to the feedback 
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received, the program proved to be functionsJt. Need for 
correction, supplonentation, and specification was observed in 
the study's T^ious parts: the didactic solution^ the training 
of teachers, research. The program must thererore bs further 
developed . Feedback m the trial use was also obtained , 
suggesting in which direct icm further rese?arch is needed. 
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